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Abstract 

We introduce a new class of canonical analytic Zariski decompositions (AZD's in short) called the 
supercanonical AZD's on the canonical bundles of smooth projective varieties with pseudoeffective 
canonical classes. We study the variation of the supercanonical AZD h can under projective defor- 
mations and give a new proof of the invariance of plurigenera. Moreover extending the results to 
the case of KLT pairs, we prove the invariance of logarithmic plurigenera for a family of KLT pairs. 
This paper supersedes [T31 IT6| . 
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1 Introduction 

Let X be a smooth projective variety and let Kx be the canonical bundle of X . In algebraic geometry, 
the canonical ring R(X, Kx) ■= (B^ =0 T (X, Ox{mKx)) is one of the main objects to study. And it has 
been studied the variation of pluricanonical systems in terms of variation of Hodge structures ( [Fl iKaTl 

EDE2]). 

The purpose of this article is to study the variation of (log) canonical rings on a projective family 
by introducing a canonical singular hermitian metric on the relative (log) canonical bundles. The im- 
portant feature here is the semipositivity of the relative (log) canonical bundles and the invariance of 
(log) plurigenera is obtained at the same time. Moreover we can deal with the adjoint line bundle of a 
pseudoeffective Q-line bundle in a systematic way. 

Let X be a smooth projective variety such that Kx is pseudoeffective. In this article, we construct 
a singular hermitian metric h can on Kx such that 

(1) h can is uniquely determined by X, 

(2) The curvature current \J — 1 is semipositive, 

(3) H a (X,Ox(mK x )®Z(hZ n )) - H (X,Ox(mK x )) holds for every m ^ 0, 

where I(/i™„) denotes the multiplier ideal sheaf of as is defined in [N]. We may summerize the 
2nd and the 3rd conditions by introducing the following notion. 

Definition 1.1 ( AZJD) (\Tb\ \T2f ) Let M be a compact complex manifold and let L be a holomorphic 
line bundle on M . A singular hermitian metric h on L is said to be an analytic Zariski decomposition 
(AZD in short), if the followings hold. 

(1) The curvature current y/—l &h is semipositive. 

(2) For every m> 0, the natural inclusion 

H {M,O M (mL)®l(h m )) -> H {M,O M (mL)) 

is an isomorphim. rj 

Remark 1.2 A line bundle L on a projective manifold X admits an AZD, if and only if L is pseudo- 
effective (W-P-Sl Theorem 1.5]). rj 

In this sense, we construct an AZD h can on Kx depending only on X, when Kx is pseudoeffective 
(by Remark 11.21 this is the minimal requirement for the existence of an AZD). In fact h can is not only 
an AZD of Kx, but also a singular hermitian metric with minimal singularities on Kx (cf. Definition 
15. 2[) . The important feature of this canonical metric h can is that it naturally defines a singular hermitian 
metric on the relative canonical bundle on a smooth projective family of smooth projective varieties with 
pseudoeffective canonical bundles just by assigning the canonical metric on each smooth fiber and taking 
lower-semicontinuous envelope and extension across singular fibers (cf. Theorem II. 13)) . And the most 
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important fact is that the resulting canonical metric h can has scmipositive curvature on the total space 
of the family. This immediately gives a new proof of the invariance of plurigenera for smooth projective 
families (cf. Corollary 11.14)) . And this result implies the existence of a canonical hermitian metrics 
on the direct image of a relative pluricanonical system (cf. Theorem I4.15|) with "Griffith seropositive" 
curvature. This semipositivity result is similar to [Kail IVTl IV2j . 

On the other hand, it is natural to consider not only a single algebraic variety but also a pair of 
a variety and a divisor on it. One of the important class of such pairs is the class of KLT pairs (cf. 
Definition 14. II) . In general it is a basic philosophy that the most of the results for the absolute case (the 
case of smooth projective varieties) can be generalized to the case of KLT pairs. Such generalization is 
important because the log category is more natural to work. For example the induction in dimension 
sometimes works more naturally in the log category (see [B-C-H-M for example). 

In this paper we define a similar canonical singular hermitian metric on the log canonical bundle of a 
KLT pair with pseudoeffective log canonical divisor. And it satisfies a similar properties for a projective 
deformation of KLT pairs (cf. Theorem 14.31) . By using this metric, we can deduce the invariance of 
logarithmic plurigenera (cf. Theorems 11.151 and |1.19|) and also local freeness and semipositivity of the 
direct images of pluri log canonical systems (cf . Theorems 11.151 and 14 . 1 5[) . 

Moreover the construction here is applicable to the case of general noncompact complex manifolds 
such as bounded domains in C n (cf. Section [2.61) . This seems to be an interesting topic in future. 

1.1 Canonical AZD h can 

If we assume that X has nonnegative Kodaira dimension, we have already konwn how to construct a 
canonical AZD for Kx ■ Let us review the construction in |T5] . 

Theorem 1.3 f\T5f ) Let X be a smooth projective variety with nonnegative Kodaira dimension. We 
set for every point x G X 

(1.1) K m {x) := sup | | a \%{x) ; a e V(X,Ox{mK x )), 
and 

(1.2) Koo(x) := \imsupK m (x). 

rci— >oc 

Then 

(1.3) h can := the lower envelope of K r 
is an AZD on Kx- □ 

Remark 1.4 By the ring structure of R(X,Kx), we see that {K m \} is monotone increasing, hence 

lim sup K m (x) — sup K m (x) 

m-s-oo m>A 

holds, rj 

Remark 1.5 Since h can depends only on X , the number 




is an invariant of X . But I do not know the properties of this number, rj 

Apparently this construction is very canonical, i.e., h can depends only on the complex structure of X . 
We call h can the canonical AZD of Kx- But this construction works only if we know that the Kodaira 
dimension of X is nonnegative apriori. This is the main defect of h can . For example, h can is useless to 
solve the abundance conjecture or to deduce the deformation invariance of plurigenera. 

Moreover although h can is an AZD of Kx, it is not clear that h can has minimal singularities in 
the sense of Definition 15.21 below. But it is easy to see that h can has minimal singularities, if Kx is 
abundant. 
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1.2 Supercanonical AZD h can 

To avoid the defect of h can , we introduce the new AZD h can . Let us use the following terminology. 

Definition 1.6 (Pseudoeffectivity) Let (L,hr,) be a singular hermitian Q-line bundle on a complex 
manifold X . (L, h]f) is said to be pseudoeffective, if the curvature current Qh L of hi, is semipositive. 
And a Q-line bundle L on a complex manifold X is said to be pseudoeffecive, if there exists a singular 
hermitian metric hr, on L with semipositive curvature, rj 

Let X be a smooth projective n-fold such that the canonical bundle Kx is pseudoeffective. Let A 
be a sufficiently ample line bundle such that for every pseudoeffective singular hermitian line bundle 
(I/, Hl) on X, Ox (A + L) ®X(hr,) and Ox(Kx + A + L) <E)l(hL) are globally generated. The existence 
of such an ample line bundle A follows from Nadel's vanishing theorem ([Nj p. 561]). See Propositon l5.ll 
in Section |5~T1 for detail. 

For every x G X we set 

(1.4) K*{x) :=sup{|a|^ (x) | a e T(X, O x (A + mK x )), \\a |U= l} , 

where 

(1.5) 

Here | a \~ is not a function on X, but the supremum is takan as a section of the real line bundle 

(gi \ Kx | 2 in the obvious manneiQ. Then hT ■ K^ is a continuous semipositive (n, n)-form on X. 
Under the above notations, we have the following theorem. 

Theorem 1.7 We set 



(1.6) ££:=limsup/i™.££ 

m— >oo 

and 

(1.7) h can _A '■= the lower envelope of (K^)^ 1 . 
Then h can ^A is an AZD of Kx ■ And we define 

(1.8) h can := the lower envelope of inf h can ^A, 



where inf denotes the pointwise infimum and A runs all the ample line bundles on X . Then h can is a 
well defined AZD on Kx with minimal singularities (cf. Definition \5.ty) depending only on X. g 

Remark 1.8 / believe that h carii A is already independent of the sufficiently ample line bundle A. [— ] 

Remark 1.9 In \TJfl , I have defined a similar AZD of Kx for a compact Kdhler manifold X with 
pseudoeffective canonical bundle. The construction is even simpler than h can . But I have not yet proven 
the semipositivity property corresponding to Theorem ] 1 . 1 2\ below in the case of Kdhler deformations. [— ] 

Definition 1.10 (Supercanonical AZD) We call h can in Theorem \1.7\ the supercanonical AZD of 
Kx- And we call the semipositive {n,n)-form h~^ n the supercanonical volume form on X. [— ] 

Remark 1.11 Here "super" means that corresponding volume form h~^ n satisfies the inequality : 

(1-9) hcari = h can , 

if X has nonnegative Kodaria dimension (cf. Theorem ] 2. 9\) . rj 

In the statement of Theorem 1 1.71 one may think that h can ,A may depend of the choice of the metric Ha- 
But later we prove that h carii A is independent of the choice of Ha (cf. Lemma EH)]) . 

1 We have abused the notations |j4|, \Kx\ here. These notations are similar to the notations of corresponding linear 
systems. But we shall use the notation if without fear of confusion. 
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1.3 Variation of the super-canonical AZD h, 



Let / : X — > S be a fiber space such that X, S are complex manifolds and / is a proper surjective 
projective morphism with connected fibers. Suppose that for every regular fiber X s := f (s), Kx s is 
pseudoeffective H. In this case we may define a singular hermitian metric h can on Kx / s similarly as 
above. Then h can have nice properties on / : X — > S as follows. 

Theorem 1.12 Let f : X — > S be a proper surjective projective morphism with connected fibers 
between complex manifolds such that for every regular fiber X s , Kx s is pseudoeffective. We set S° be 
the maximal nonempty Zariski open subset of S such that f is smooth over S° and X° — / _1 (S , °). Then 
there exists a unique singular hermitian metric h can on K x /s such that 

(1) h can has semipositive curvature on X, 

(2) h can \X S is an AZD of Kx s with minimal singularities for every s G S° , 

(3) For every s G S° , h ca n \X S ^ h can ,s holds, where h can ,s denotes the supercanonical AZD of Kx,- 
And h ca n\X s = h can .s holds outside of a set of measure on X s for almost every s£S°. 

We call h can in Theorem 1 1 . 13\ the relative supercanonical AZD on Kx/s- □ 

To prove Theorem II. 121 first we shall prove the following slightly weaker version. 

Theorem 1.13 Let f : X — > S, S° and X° := f' 1 ^ ) as in Theorem XTm 
Then there exists a unique singular hermitian metric h can on K x /s such that 

(1) hcan has semipositive curvature on X, 

(2) h C an \X S is an AZD on Kx 3 for every s G S° , 

(3) There exists the union F of at most countable union of proper subvarieties of S° such that for 
every s G S° \ F , h can \X S ^ h can . s holds, where h can .s denotes the supercanonical AZD on Kx s - 
And h ca n\X s — h ca n,s holds outside of a set of measure on X s for almost every s G S° . rj 

The only difference between Theorems 11.131 and 11.121 is the existence of the set F in Theorem 11.131 We 
prove Theorem 11.121 by using Theorem 11.131 and the invariance of the twisted plurigenera: Corollary 
|3~TT1 below (cf. Corollary I5T21 . 

In Theorem ll.131 the assertions (1) and (2) are very important in applications. By Theorem II .131 for 
Theorem ll,12p and the L 2 -extension theorem f [Q-TL p. 200, Theorem]), we obtain the following corollary 
immediately (To make sure we give a proof in Section 13. 5[) . 

Corollary 1.14 ('SI, S21) Let f : X — > S be a smooth projective family over a complex manifold 
S. Then for every positive integer m, the m-genus P m {X s ) := dim H°(X s ,Ox a (nT-Kx a )) is a locally 
constant function on S rj 

1.4 Invariance of logarithmic plurigenera 

In Section 4, we shall generalize Theorems 11.71 and 11.121 to the case of a projective families of KLT 
pairs (cf. Definition 14. lj) . See Theorems 14.21 and 14.31 below. As a consequence we have the invariance of 
logarithmic plurigenera: 

Theorem 1.15 Let f : X — > S be a proper surjective projective morphism between complex manifolds 
with connected fibers. Let D be an effective Q-divisor on X such that 

(a) D is Q-linearly equivalent to a Q-line bundle (= a fractional power of a genuine line bundle) B, 

2 This condition is equivalent to the one that for some regular fiber X s , Kx B is pseudoeffective. This is well known. 
For the proof, see Lemma 13.51 below and Remark 13.61 
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(b) The set: S° :— {s 6 S\ f is smooth over s and (X S ,D S ) is KLT} (D s := D\X S ) is nonempty. 

Then for every positive integer m such that mB is Cartier, the logarithmic m-genus: 

P m (X s ,B s ) dimH°(X s , Xs (m{K Xs + B„))) 

is locally constant on S° , where B s :— B\X S . In particular the logarithmic Kodaira dimension of 
(X s , D s ) is locally constant over S° and for such m, f*O x {Tn(K x /s + B)) is locally free over S° . rj 



Remark 1.16 It would be interesting to consider a flat family f : X — >■ S such that the total space 
X has only canonical singularities and K x /s + D is Q- Cartier and pseudoeffective. I believe that the 
present proof of Theorem \1.15\ works also in this case, r— j 



We note that in the special case that B is a genuine line bundle, Theorem 11.151 has already been known 
( [Cl I Vaj ) . In Theorem 11.151 the canonical choice of B is the minimal positive multiple of D so that 
the multiple has integral coefficients. But in general, some smaller positive multiple of D is Q-linearly 
equivalent to a Cartier divisor. The following corollary is obvious. 



Corollary 1.17 Let f : X 

integer m, 



S,D and S° be as in Theorem ] 1 . 1 51 Then we have that for every positive 



dimH°{X s ,O x {[m(K x/s + D)\\X S )) 
is locally constant on S° and f*Ox(\jn(Kx/s + D)\) is locally free over S° . rj 

1.5 KLT line bundles and invar iance of plurigenera for adjoint line bundles 

In the proof of Theorem 1 1.1 51 for s G S°, we consider the singular hermitian metric: 

1 



id,. 



\X S 



\°~D 



on B s (see f| 1 . 14[) for the notation), where cd is a multivalued holomorphic section of B (see the 
convention below) with divisor D. The singular hermitian Q-line bundle {B s , ho, s ) is an example of the 
following notion. 

Definition 1.18 Let {L,Hl) be a singular hermitian Q-line bundle on a smooth projective variety X. 
(L,Hl) said to be KLT (Kawamata log terminal), if the curvature current Qh L is semipositive and 
— Ox- For an open subset U of X, a pseudoeffective line bundle {L,h£) on X is said to be KLT 
over U, ifX{hi)\U — Ou holds. 

A Q-line bundle L on a smooth projective variety is said to be KLT, if there exists a singular hermitian 
metric hh such that {L, hi,) is KLT. rj 

Roughly speaking a KLT Q-line bundle is a Q-line bundle which admits a singular hermitian metric 
with semipositive curvature and relatively small singularities. In this sense, KLT Q-line bundles are 
somewhere between semiample Q-line bundles and pseudoeffective Q-line bundles. The notion of KLT 
Q-line bundles is a natural generalization of the notion of KLT pairs. 

A very important example of KLT Q-line bundle is the Hodge Q-line bundle associated with an 
Iitaka fibtration. Let / : X ~ > Y be an Iitaka fibration such that X, Y are smooth and / is a morphism. 
Then by [FM1 p.l69,Proposition 2.2] f*O x {m\K x /Y)** is invertible on Y for every sufficiently large 
m, where ** denotes the double dual. f*Ox(rn\K x /Y)** is of rank 1 for every sufficiently large m. We 
define the Q-line bundle 



(1.10) 
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L := — UOximlKx/yT* 



on Y and call it the Hodge Q-line bundle associated with / : X —> Y. And for every y € Y such that / 
is smooth over y, we set 



(1.11) 



hf{<J,a){y) 



(a A a)'* 



G L v 



G 



and call it the Hodge metric on L at y. Then hi extends to a singular hermitian metric on L and (L, ht) 
is KLT by the theory of variation of Hodge structures QSchj ). 

Using this new notion, we have a further generalization of Theorem ll.l5l as follows. 

Theorem 1.19 Let f : X — > S be a proper surjective projective morphism between complex manifolds 
with connected fibers and let (L, hi) be a pseudoeffective singular hermitian (J-line bundle (cf. Definition 
1 1 . 61 below) on X such that for a general fiber X s , (L, hi)\X s is KLT, We set 

S° := {s G S\ f is smooth over s and (L, hL)\X s is well defined and KLT} . 

Then for every positive integer m such that mL is Cartier, the twisted m-genus: 

P m (X s ,L s ) := dim H°(X s ,Ox s (HKx 3 + L s ))) 

is locally constant on S° , where L s := L\X S . rj 

In fact Theorem 1 1 . 1 5 1 follows from Theorem [TTT9] by taking (L, hi) to be (B, 1/|<td| 2 ). The main feature 
of Theorem ll.l9l is that the singularities of hi do not appear in the statement as long as the singularities 
are KLT. In this sense, KLT singularities are negligible in this case. The reason why we can neglect 
KLT singularities is that the construction of the AZD on Kx + L (cf. Theorem I4.6|) does not involve 
any high powers of hi. In the special case that L is a genuine line bundle, Theorem 1 1 . 1 91 has already 
been known ( [Cl I Vaj ) . The main difficulty to deal with a singular hermitian Q-line bundle is that if we 
take a multiple to make it a genuine line bundle, then we may get a nontrivial multiplier ideal sheaf. 

I. 6 A conjecture for Kahler fibrations 

The invariance of plurigenera is an important consequence of Theorem 11.121 or Theorem 11.131 But 
anyway it has been already known by other methods. Actually one of the main significance of Theorem 

II . 121 is that it gives a perspective in the case of Kahler fibrations as follows. 

Let / : X — > S be a surjective proper Kahler morphism with connected fibers between connected 
complex manifolds. Let 5° denote the complement of the discriminant locus of /. Let {L,h£) be a 
hermitian line bundle on X with semipositive curvature. Suppose that Kx s + L\X S is pseudoeffective 
for every s E S°. We shall consider an analogy of h can as follows. For s € 5° we set 

(1.12) dV max ((L, /ii)|X s ) := the upper semicontinuous envelope of 

sup j^" 1 ! h: a singular hermitian metric on Kx such that y/—l (0^ + Qh L ) = 0, J = 1 j- , 

where sup means the poitwise supremum. We call dV max ((L, h,L,)\X s ) the maximal volume form of X s 
with respect to (L, hL)\X s . Then it is easy to see that h min ^ := dV max ((L, /il)|A s ) _1 • Hl is an AZD 
of Kx s + L\X S with minimal singularities (see Definition 15.21 and Section I5~2"]) . This definition can be 
generalized to the case of noncompact complex manifolds such as bounded domains in C™ . Now I would 
like to propose the following conjecture. 

Conjecture 1.20 In the above notations, we define the relative volume form dV max ,x/s{L, hi,) on 
f~ l {S°) by dV max x/s(L, hi)\X s := dV max ((L,hi)\X s ) for s £ S° and we define the singular hermitian 
metric h x / S on (K x / S + L)\f^ 1 (S°) by 

h min x/s(L, hi) := the lower semicontinuous envelope of dV maXt x/s(L, hi) -1 ■ hi. 

Then h min ,x/s(L,hi) extends to a singular hermitian metric on Kx/s + L over X and has semipositive 
curvature, rj 

We call h mini x/s the minimal singular hemitian metric on Kx/s + L with respect to hi. This con- 
jecture is very similar to Theorem 11.121 and the recent result of Berndtssonf |Berj ) . If this conjecture 
is affirmative, we can prove the defomation ivariance of plurigenera for Kahler deformations. One can 
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consider also the case that (L, h^) is pseudoeffective with KLT singularities. I have also other conjec- 
tures which relates the abundance of canonical bundle and the minimal singular hermitian metric on 
canonical bundle. I would like to discuss about Conjecture 11.201 and other conjectures in the subsequent 
papers. 

The organization of this article is as follows. In Section 2, we prove Theorem 11.71 In Section 3, we 
prove Theorem 11.121 by using a result in |B-PI Corollary 4.2]. In Section 4, we generalize the reuslts in 
Sections 2 and 3 to the case of KLT pairs. Here the new ingredient is the use of dynamical systems of 
singular hermitian metrics. 

Conventions 

• In this paper all the varieties are defined over C. 

• We frequently use the classical result that the supremum of a family of plurisubharmonic func- 
tions locally uniformly bounded from above is again plurisubharmonic, if we take the upper- 
semicontinuous envelope of the supremum ([Ll p. 26, Theorem 5]). 

• For simplicity, we denote the upper(resp. lower) semicontinuous envelope simply by the upper(resp. 
lower) envelope. 

• In this paper all the singular hermitian metrics are supposed to be lower-semicontinuous. 
Notations 

• For a real number a, |~a] denotes the minimal integer greater than or equal to a and \a\ denotes 
the maximal integer smaller than or equal to a. We set {a} := a — [a\ and call it the fractional 
part of o. 

• Let X be a projective variety and let D be a Weil divsor on X. Let D = diDi be the irreducible 
decomposition. We set 

(1.13) \B\ := J2 \di]Di, [D\ ~J2ldi\Di, {D} := ]rR}A. 

• For a positive integer n, A™ denotes the unit open polydisk in C n with radius 1, i.e., 

A" :={(*!,■■■ ,t n )eC n ;\U\< 1(1 S i^n)}. 
We denote A 1 simply by A. 

• Let L be a Q-line bundle on a compact complex manifold X, i.e., L is a formal fractional power 
of a genuine line bundle on X. A singular hermitian metric h on L is given by 

h = ■ ho, 

where ho is a C°°-hermitian metric on L and <p € Lj oc (X). We call <p the weight function of h 
with respect to ho. We note that even though L is not a genuine line bundle, h makes sense, since 
a hermitian metric is a real object. 

The curvature current 0/j of the singular hermitian Q-line bundle (L, h) is defined by 

<dh ■= <dh + ddip, 

where ddf is taken in the sense of current. We define the multiplier ideal sheaf 1(h) of (L, h) by 

l(h)(U) := {/ e O x (U); |jf e-* € Lj oc (U)}, 
where U runs open subsets of X. 



• For a Cartier divisor D, we denote the corresponding line bundle by the same notation. Let D 
be an effective Q-divisor on a smooth projective variety X. Let a be a positive integer such that 
aD £ Div(X). We identify D with a formal a-th root of the line bundle aD. We say that a is 
a multivalued global holomorphic section of D with divisor D, if ao is the formal a-th root of a 
nontrivial global holomorphic section of aD with divisor aD. And l/\(j£,\ 2 denotes the singular 
hermitian metric on D defined by 



(1.14) 
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\°d\ 2 ' h^(a Dl a D y 
where ho is an arbitrary C°° -hermitian metric on D. 

• For a singular hermitian line bundle (F,hp) on a compact complex manifold X of dimension n. 
K(Kx + F,hp) denotes the diagonal part of the Bergman kernel of H°(X, Ox(K x + F) ®I{hp)) 
with respect to the L 2 -inner product: 



(1.15) 



i.e. 



(1.16) 



(a, a') := (\/ z T) n / hp -aha', 
'x 



N 

K(K x + F,h F ) = Y,\ a *\ 2 > 

i=0 



where {(Jo, ■ ■ ■ , <tat} is a complete orthonormal basis of H°(X,Ox(Kx + F) <£)I(hp)). It is clear 
that K(Kx + F, hp) is independent of the choice of the complete orthonormal basis. 

Acknowledement : I would like to thank to the referee who suggested me the use of Fujita's elementary 
argument instead of Schmidt's theory of variation of Hodge structure( |Schj ) in Section IXT1 



2 Proof of Theorem 11.7 



In this section we shall prove Theorem 1 1.71 We shall use the same notations as in Section 11721 The upper 
estimate of is almost the same as in |T5j , but the lower estimate of requires the L 2 -extension 
theorem ((DUl [O]). 



2.1 Upper estimate of 

Let X be as in Theorem [T77] and let n denote dim A. Let x £ X be an arbitrary point. Let (U, Zi, ■ ■ ■ , z n ) 
be a coordinate neighborhood of X which is biholomorphic to the unit open polydisk A" such that 
zi(x) = ■ ■ ■ = z n (x) = 0. 

Let <t £ T(X, Ox{A + mKx))- Taking U sufficiently small, we may assume that (z\, ■ ■ ■ , z n ) is a 
holomorphic local coordinate on a neighborhood of the closure of U and there exists a local holomorphic 
frame of A on a neighborhood of the closure of U . Then there exists a bounded holomorphic function 
fu on U such that 



(2.1) 

holds. Suppose that 
(2.2) 

holds. Then we see that 



a = fu ■ e A - (dzi A • • • A dz n y 



x 



h% ■ (a A a)' 



= 1 



(2.3) 



| fu(z) | m d(i(z) ^ (mih A (e A ,e A ) 



h A (e^e^)" 1 | fu | 2 dfi(z) 



[Mh A (e Al e A ) 
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hold, where dfj,(z) denotes the standard Lebesgue measure on the coordinate. Hence by the submeanvalue 
property of plurisubharmonic functions, 

(2.4) hX' | (x) ^ (M^Al^L) m . T -n . \ dzi A ... A dZn] 2 {x) 

\miu h A (e A ,e A ) J 

holds. Let us fix a C°° -volume form dV on X. Since X is compact and every line bundle on a contractible 
Stein manifold is trivial, we have the following lemma. 

Lemma 2.1 There exists a positive constant C independent of the line bundle A and the C 00 -metric 
Ha such that 

limsup h? ■ K^ n ^ C -dV 



holds on X . 



□ 



2.2 Lower estimate of 

The lower estimate of K^ is the essential part of the proof of Theorem 11.71 

Let hx be any C°°-hermitian metric on K x . Let ho be an AZD on Kx defined by 

(2.5) ho := the lower envelope of inf {h \ h is a singular hermitian metric 

on K x with V^l ^ 0,h ^ h x } , 
where inf denotes the pointwise infimum. Then by the classical theorem ([Ll p. 26, Theorem 5]), ho is 



an AZD with minimal singularities in the sense of Definition 15.21 below. 

Let us compare ho and h can . By the L 2 -extension theorem ([Q]), we have the following lemma. 

Lemma 2.2 There exists a positive constant C independent of m such that 

(2.6) K(A + mK x , h A ■ h™- 1 ) ^ C ■ [h A ■ /i™)" 1 

holds, where K(A + mKx, hA • h n ^ 1 ) is the diagonal part of Bergman kernel of A + mKx with respect 
to the 1? -inner product: 

(2.7) (a, a') := {V^lf [ a A ~P ■ h A ■ ftf' 1 , 

Jx 

where we have considered a, a 1 as A-\- (m — l)Kx valued canonical forms (see (1,16]) ). rj 

Proof of Lemma \2.2l By the extremal property of the Bergman kernel (see for example [Krl p. 46, 
Proposition 1.4.16]), we have that 

(2.8) K(A + mK x ,h A ■ h^^x) = sup {\a(x) | 2 ; a E T(X, O x (A + mK x ) ® AK^ 1 )), \\o\\= l} 

holds for every x € X, where || a | denotes the norm (o~,a)i. Let x be a point such that ho is not 
+oo at x. Let dV be an arbitrary C°°-volume form on X as in Section H~2l Then by the L 2 -extension 
theorem f [Ol lO-Tj ) and the sufficient ampleness of A (see Sections 11.21 and 15. ip . we may extend any 
t x e (A+mK x ) x with h A -h^~ 1 -dV- 1 (T x ,T x ) = 1 to a global section r g T(X, O x (A+mK x )®l{ho n ' 1 )) 
such that 

(2.9) || r ||^ Co, 

where Co is a positive constant independent of x and m. Let C\ be a positive constant such that 

(2.10) ho ^ d ■ dV" 1 

holds on X. By (I2.8[) . we obtain the lemma by taking C — Cq 1 ■ C\. rj 



10 



Let a G T(X, O x (A + mK x ) ® Z^™" 1 )) such that 
(2.11) 



cr A d" • Ha ■ K' 1 



and 

(2.12) | a | 2 (z) =X(A + m^,/ lA -/i™- 1 )(x) 

hold, i.e., cr is a peak section at a;. Then by the Holder inequality we have that 



(2.13) 



(cr Act)" 



A" 



< 



< 



h A -h™-\a | 2 -ho 1 



x 



X 



X 



ho 1 



hold. Hence we have the inequality: 

(2.14) K*{x) ^ KiA + mKx^A-h™- 1 )^)- 

holds. Now we shall consider the limit: 



(2.15) 



limsup h ? • K(A + mKx, hA • h$ 



Let us recall the following result. 

Lemma 2.3 fJTJl p. 376, Proposition 3.1]) Let M be a smooth projective variety and let H be a suf- 
ficiently ample line bundle on M and let Iih be a C°° -hermitian metric on H with strictly positive 
curvature. Then for every pseudoeffective singular hermitian line bundle (L, hif) on M , 

— i i 

limsup h§ ■ K(K M + H + mL, h H ■ h™)™ = h L L 



holds. 



□ 



Remark 2.4 In (JL\ p. 376, Proposition 3.1], J. P. Demailly only considered the local version of Lemma 
\2.3l But the same proof works in our case by the sufficiently ampleness of H. More precisely if we take 
H to be sufficiently ample, by the L 2 -extension theorem fO-Tl fO) /. there exists an interpolation operator: 

I x : A 2 (x, (K M +H + L) x , h H ■ h F , S x ) -> A 2 (M, K M + H + L, h A ■ h L ) 

such that the operator norm of I x is bounded by a positive constant independent of x and (L, hi,), where 
A 2 (M, Km + H + F, hn ■ hif) denotes the Hilbert space defined by 



A 2 (M, K M + H + L,h H -h L ):={ae T(M, O m (K m +H + L)), 
with the L 2 -inner product: 



hn • /il ■ ct A ct 



M 



< +oo 



(ct,ct') : = (V^iy 



(n := dimM) 



M 



and A 2 (x, (Km +H-\-L) x , hu ■ h^, S x ) is defined similarly, where S x is the Dirac measure supported at x. 
This is the precise meaning of sufficiently ampleness of H in Lemma \2.3\ We note that if h^(x) = +oo, 
then A 2 (x, (Km + H + L) x , hn ■ h^, 6 X ) = 0. In this setting, for a Stein local coordinate neighborhood U, 



limsup h§ ■ K(K M + H + mL, h H ■ h%)™\U = 
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limsup h% ■ K(K M +H + mL\U, h H ■ h 7 £\U)™ = h^\ U 

hold. This kind of localization principle of Bergman kernels is quite standard. Moreover for an arbitrary 
pseudoeffective singular hermitian line bundle (F,hp) on M, 

limsup (h H ■ h F )™ ■ K(K M + H + F + mL, h H ■ h F ■ h™ )™ = h" 1 

m— >oo 

holds almost everywhere on M . 

In fact the L? -extension theorem (\0-T\ fD| /) implies the inequality: 

(2.16) limsup (h H ■ ' K(K M + H + F + mL,h H • ■ h%)™ Z K 1 

and the converse inequality is elementary. See fDj for details and applications. 

The reason why we can take H independent of{L, hjf) is the fact that the L? -extension theorem l\0- Tl 
[U\j) is uniform with respect to plurisubharmonic weights. Moreover the extension norm is independent 
of the weights, rj 



We may and do assume that A is sufficiently ample in the sense of Lemma 12.31 Anyway to define h can 
we will replace A by I A and take the upper limit as I tends to infinity. Then by Lemma 12.31 letting m 
tend to infinity in (|2.14p . we have the following lemma. 

Lemma 2.5 



limsup/iX -K* ^ ( [ h A -V 
By Lemmas 12.11 and 12. 51 we see that 



holds, rj 



(2.17) K*:= limsup/^ ■ K£ 

exists as a bounded semipositive (n, n)-form on X (n — dimX). We set 

(2.18) h C an.A '■= the lower envelope of (K^)^ 1 . 

2.3 Independence of h C an,A from 

In the above construction, h carit A depends on the choice of the C°°-hermitian metric Ha apriori. But 
we have the following lemma. 

Lemma 2.6 = limsup m _ ! . 00 h A ■ is independent of the choice of the C°° -hermitian metric hA- 
Hence h can ^A is independent of the choice of the C°° -hermitian metric Ka- □ 

Proof of Lemma \2.6\ Let h' A be another C°° -hermitian metric on A. We define for x G X 



A 



= 1 



(2.19) {k*)\x) := sup 1 1 a |» (a;); a e T(X,O x {A + mK x )), 

We note that the ratio hA/h' A is a positive C°°-function on X and 

j_ 

(2.20) lim (!£) m = 1 

uniformly on X. Since the definitions of and (K^)' use the extremal properties, we see easily that 
for every positive number e, there exists a positive integer N such that for every m ^ N 

(2.21) {i-e){k*y^k*^{i + s){kiy 

holds on X . This completes the proof of Lemma rj 
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2.4 Completion of the proof of Theorem 11.71 

By Lemma 12.51 we have the following lemma. 

Lemma 2.7 h can ,A is an AZD with minimal singularities on Kx- □ 

Proof. Let ho be an AZD of Kx with minimal singularities (cf . Definition 15.21 ) constructed as in 
Then by Lemma l2~51 we see that 

(2.22) h can , A ^ (J V 1 
holds. Hence we see 

(2.23) Z(hZ n , A ) 2 W) 
holds for every m ^ 1. This implies that 

H\X,Ox{mK x )®I{K)) C H°(X,Ox(mK x ) ®l(h2n,A)) Q H°(X,O x {mK x )) 
hold, hence 

H°(X,O x (mK x ) ®l{hZn, A )) - H°(X,O x (mK x )) 
holds for every m ^ 1. And by the construction and the classical theorem of Lelong ([Q p. 26, Theorem 
5]) stated in Section 11.31 h can .A has semipositive curvature current. Hence h ca n,A is an AZD on Kx 
and depends only on X and A by Lemma \2. 61 We note that hcan, A is less singular than ho by (|2.22|) . 
Since ho has minimal singularities, h carLi A has minimal singularities, too. rj 

Let us consider 

(2.24) ^^supif^A, 

where sup means the pointwise supremum and A runs all the sufficiently ample line bundle on X . Then 
by Lemma \2. 11 we see that Koo is a well defined semipositive (n,n)-form on X. We set 

(2.25) h C an '■= the lower envelope of K^. 

Then by the construction, h can ^ h can ^A for every ample line bundle A. Since ft. con ,A is an AZD on Kx, 
h can is also an AZD on Kx indeed (again by [Lj p. 26, Theorem 5]). Since h can ^A depends only on X 
and A, 

^can is uniquely determined by X. By Lemma [2_ i 5| it is clear that h can is an AZD on Kx with 
minimal singularities in the sense of Definition 15.21 below. This completes the proof of Theorem 11.71 rj 

Remark 2.8 As in Section \ 2.°A we see that h can is an AZD on Kx with minimal singularities (cf. 
Definition \5.2\ ). rj 

2.5 Comparison of h can and h can 

Suppose that X has nonnegative Kodaira dimension. Then by Theorem ll.31 we can define the canonical 
AZD hcan on Kx- We shall compare h can and h can . 

Theorem 2.9 h ca7lt A = h can holds on X . In particular h can ^ h can holds on X rj 

Proof of Theorem \2.9[ If X has negative Kodaira dimension, then the right hand side is infinity. Hence 
the inequality is trivial. Suppose that X has nonnegative Kodaira dimension. Let a G r(JT, Ox(mKx)) 
be an element such that 



(2.26) 



(<7 A <j)' 



= 1. 
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Let i 6 I be an arbitrary point on X. Since Ox {A) is globally generated by the definition of A, there 
exists an element r g T(X, Ox(A)) such that t(x) 7^ and Ha{t,t) ^ 1 on X. Then we see that 



(2.27) 



h A (T,T)™ - (a A a)' 



x 



< 1 



holds. This implies that 

(2.28) Ki{x) Z \t(x)\% -K m (x) 
holds at x. Noting t{x) 7^ 0, letting m tend to infinity, we see that 

(2.29) K*{x) ^ K x {x) 

holds. Since x is arbitrary, this completes the proof of Theorem 12.91 rj 

Remark 2.10 The equality h can = h can implies the abundance of Kx, if the numerical dimension of 
(Kx,h can ) is equal to the numerical dimension of Kx- This problem will be treated in fTlO^j . rj 

By the same proof we obtain the following comparison theorem (without assuming X has nonnegative 
Kodaira dimension). 

Theorem 2.11 Let A, B a sufficiently ample line bundle on X . Suppose that B—A is globally generated, 
then 

hr 



i '.an.B ^ h can A 



holds. 



□ 



Remark 2.12 Theorem \KTT\ implies that 

(2.30) hcan = lim h can ,tA 

holds for any ample line bundle A on X . rj 



Remark 2.13 By Kodaira's lemma and Theorem \ 2.11\ we see that h can ,A is independent of A when 
Kx is big. But it is not clear wheter h callt A is independent of A, when Kx is pseudoeffective but not 
big. But by Lemma \2.5\ one can easily deduce that for any two members of {h carii A}, the ratio of these 
metrics is uniformly bounded on X , where A runs all the ample line bundles on X . rj 

2.6 Canonical volume forms on open manifolds 

The construction in Section 11.11 can be generalized to an arbitrary complex manifold. This is just a 
formal generalization. But it arises the many interesting problems and also is important to consider the 
degeneration, This subsection is not essential in the later argument. Hence one may skip it. Let M be 
a complex manifold. For every positive integer to, we set 



<rer(M, M (mK M )); 





< +00 | 


Jm 





and 



K M , m ■■= sup j \o-\m ; (j £ T{M, M (mK M )), 
where sup denotes the pointwise supremum. 



(a A a)' 



M 



< 1 



Proposition 2.14 



K 



M,- 



lim supi^M,? 



exists and if Z m 7^ for some m > 0, then Km, 00 is not identically and 

1 



,M 



the lower envelope of 



K 



M. 



is a well defined singular hermitian metric on Km with semipositive curvature current, rj 
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By definition, h can ,M is invariant under the automorphism group Aut(M). Hence we obtain the follow- 
ing: 

Proposition 2.15 Let £1 be a homogeneous bounded domain in C™. Then h~ an n is a constant multiple 
of the Bergman volume form on tt. rj 

For a general bouded domain in C" it seems to be very difficult to calculate the invariant volume form 
h~^ n . Let us consider the punctured disk 

A* := {te C| < \t\ < 1}. 

Then one sees that unlike the Bergman kernel, /i carii A* reflects the puncture. The following conjecture 
seems to be very plausible. But at this moment I do not know how to solve. 

Conjecture 2.16 

~dt A dt\ 



can, A* y W{log \ t]{ fj 

holds, rj 

Conjecture 12.161 is very important in many senses (see Proposition 12.221 below and Remark 14.161 for 
example). In particular it seems to be the key to extend Theorem 14.21 to LC pairs. 

Next we shall consider the following situation. Let X be a smooth projective variety and let D be 
a divisor with simple normal crossings on X. We set M := X\D. Let A be a sufficiently ample line 
bundle on X in the sense of Proposition 15.11 Let Ha be a C°°-hermitian metric on A with strictly 
positive curvature. We define 

(2.31) Ki := sup{ |<7|£; a G T(M, <D M (A + mK M )), \\ a ||_l= 1}, 
where 

(2.32) || a ||jl:= / h% ■ (ctAct)" 

Jx 

And as (11.7[) we define 

(2.33) h can ,A ■= the lower envelope of liminf (K^)' 1 . 

m— ►oo 

As Lemma \2. 6 1 we see that h can .A is independent of the choice of Ha- We set 

''can ,m '■= the lower envelope of inf h 

can. A 7 

A 

where A runs all the ample line bundle on X. We note that 

{ a G r(M, O m (A + mK M )), \\ <J || _l < oo} ~ T(X, O x (mK x + (m - 1)D)) 
holds by a simple calculation. 

Definition 2.17 Let X be a smooth projective variety and let D be a divisor with simple normal cross- 
ings on X. Let ctd be a global holomorphic section ofOx(D) with divisor D. M := X\D is said to be 
of finite volume, if there exists an AZD h of Kx + D such that 

h- 1 ■ h D 

M 

is finite, where hjj := \o~d\~ 2 . rj 

Remark 2.18 In the above definition, h is not an AZD of minimal singularities (cf. Definition \5 .8\) . 
when Kx + D is ample, rj 
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Example 2.19 Let loe be a complete Kdhler- Einstein form on M such that — i?zc WE = oje (]Kol). We 
set n := dimX. Then h = {ui E ) ■ hu is an AZD on Kx + D such that 

h^ 1 ■ hn = w'i< +00. 



E 

M JM 

Hence M is of finite volume, m 

Theorem 2.20 Let X be a smooth projective variety and let D be a divisor with simple normal crossings 
on X. We set M := X\D. Suppose that M is of finite volume. Then h can ,M • hu is an AZD on Kx + D. 

□ 

Proof. Let ho be an AZD on Kx + D such that (M, h^ 1 - he) is of finite volume. Then by Holder's 
inequality, for every a £ T(X,OxijnKx + (m — l)D)), 



(2.34) 



h A ' hp ■ (a A a)' 

M 



^ ( I h A ■ ftf- I o- | 2 -ho 1 ■ h D j ■ (jf h^ 1 ■ h D 



holds. By the assumption, we know that the second factor on the right-hand side is finite. We shall 
show the fisrt factor in the right-hand side is finite. We note that for a local generator r of Kx + D on 
an open set U, log/io(r, r) is locally bounded from below on [/, since log/iolV, t) is plurisuperharmonic. 
Let (Jd be as in Definition 12.171 Then || ctd || 2 -{h^ 1 ■ ho) is equal to (|t| 2 • ho(r, r) _1 ) • (|| otj || 2 -ho) 
and is a bounded volume form on X, where || o~d \\ denotes the hermitian norm of o~d with respect to 
a fixed C°°-hermitian metric on Ox(D). Then since a belongs to T(X, Ox(A + mKx + (m — 1)D)), 



M 



h A -h n -\a\ 2 -ho 1 -h D < 



holds. Hence by (|2.34l) . we have the inequality: 

(2.35) Ki(x) ^ K(A + mK M , h A ■ h™' 1 ■ h^ 1 )^ ■ [J h^ 1 ■ In 

holds. Since (M, h^ 1 ■ ho) has finite volume, by the same argument as in Section 2.2, letting m tend 
to infinity, by Lemma \2. 31 and Remark 12.41 , we see that 

(2.36) h can . A S h ■ h D x ■ (J h^ 1 
holds. 

On the other hand, we obtain the upper estimate of K^ as follows. Let dV be a C°°-volume form 
on X. By the submeanvalue inequality for plurisubharmonic functions as in Section 12.11 we see that 
there exists a positive number C" independent of m such that 

h?'RA<C- ^- dV 



OD || 2 



holds on X. Hence h can _ A exists as a well defined singular hermitian metric on Kx + D and by the 
construction h can ,A has semipositive curvature current. By (|2.36[) h can _ A ■ ho is an AZD on Kx + D. 
This implies that h ca n,M ' is an AZD on Kx + D. This completes the proof of Theorem 12.201 rj 

The following problem seems to be interesting. 

Problem 2.21 Let X be a smooth projective variety and let D be a divisor with only normal crossings on 
X such that Kx + D is ample. We set M := X\D. Ls h~^ n M a constant multiple of the Kdhler- Einstein 
volume form on X constructed in JKof ? rj 
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If the above problem is afRmative (M, h * n M ) is of finite volume. The following is the first step to solve 
the problem. 

Proposition 2.22 Let (X,D), h can be as in Problem \2.21\ If Coniecture \2. 16\ holds, then 



Kan.M < 00 

M 

holds, rj 

Proof. Let (U, t\, ■ ■ ■ , t n ) be a local coordinate such that 

1. U is biholomorphic to A™ by {t\, ■ ■ ■ ,t n ), 

2. UDD = {(*]., ■■■ ,t n )€ A n \ti ■■■t k = 0} holds for some k. 
We note that the equality: 

h C an,U\D — h cany U\D 

holds as Lemma [231 since A\U is trivial with smooth metric. For every subset V of M, we see that the 
monotonicity: 

holds by the above construction. Hence we see that 

h C an,M = ^can,U\D 



holds. Then by Coniecture l2.16l we see that h can ,M is of locally of finite volume at every point on UDD. 
This completes the proof, rj 



3 Variation of h can under projective deformations 



In this section we shall prove Theorem 11.131 The main ingredient of the proof is the plurisubharmonic 
variation property of Bergman kernels ( [Berl IB-PI IT3] ) . 



3.1 Construction of h can on a family 

Let / : X — > S be a proper surjective projective morphism with connected fibers between complex 
manifolds as in Theorem 1 1.1 31 

The construction of h can can be performed simultaeneously on the family as follows. The same 
construction works for flat projective family with only canonical singularities. But for simplicity we 
shall work on smooth category. 

Let S° be the maximal nonempty Zariski open subset of S such that / is smooth over S° and let us 
set X° := f-\S°). 

Hereafter we shall assume that dim 5 = 1. The general case of Theorem 11.131 easily follows from 
just by cutting down S to curves (cf. Section 13.31 below 1 ) . Let A be a sufficiently ample line bundle on 
X such that for every pseudoeffective singular hermitian line bundle Ox (A + L) <g)I(/ii) and 

O x (K x + A + L) (g> 2(h L ) are globally generated and Xs ( A + L \X S ) (g> 2{h L \X S ) and Xs (K Xs +A + L\ 
X s ) ®T(hL \X S ) are globally generated for every s £ S° as long as hi\X s is well defined (cf. Proposition 
15. ip . Let hA be a C°°-hermitian metric on A with strictly positive curvature. We set 



(3.1) 



UO x (A + mK x ,s)- 



Since we have assumed that dim S = 1, E m is a vector bundle on S for every m ^ 1 . We denote the 
fiber of the vector bundle over s € S by E mjS . Then we shall define the sequence of ^ A- valued relative 
volume forms by 



(3.2) 



sup < I a I m ; a £ E n 



(cr Act)' 



x. 
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for every s 6 S°, where sup denotes the pointwise supremum. This fiberwise construction is different 
from that in Section 11721 at the point that we use E m<s instead of T(X S , Xs (A\X S + mK Xs )). We note 
that the difference occurs only over at most countable union of proper analytic subsets in S° by the 
upper-semicontinuity theorem of cohomologies. 



We define the relative | A | m valued volume form by 

(3.3) Ki\X s := K^ s (s G S°) 
and a relative volume form by 

(3.4) Ki\X s := limsup/jf • K^ s (s G 5°). 

We define a singular hermitian metrics on ^A + K x /s by 

(3.5) ^m,A := the lower envelope of (.ft^) -1 . 
We set 

i_ 

(3.6) h carii A '■— the lower envelope of liminf h A m ■ h m ^A- 

m— >oo 

Then we define 

(3.7) h can '■— the lower envelope of inih can A, 

A ' 

where A runs all the ample line bundles on X. At this moment, h can is defined only on K x /g\X°. The 
extension of h can to the singular hermitian metric on the whole K x /s wn l be discussed later. 



3.2 Semipositivity of the curvature current of /i m ,A 

Let -E m , s denote the fiber of the vector bundle E m at s. For s £ S°, we define the pseudonorm || a || ± 
of a G E m , s by 



(3.8) 



[a Act)" 



'x 3 



Now we quote the following crucial result. This is a generalization of Kal ( p. 57, Theorem 1]. 



Theorem 3.1 (\B-F\ Corollary 4-^]) Let p : X — > Y be a smooth projective fibraition and let (L,hL) 
be a pseudoeffective singular hermitian line bundle on X. Let m be a positive integer. Suppose that 
E := p*Ox(rnKx/Y + L) is locally free. We set 



K m( x ) :=sup< \o-\^(x); a € E p(x) , 



(a- Act)' 



= 1 



Then h^s 
current, q 



:= (K^) m is a singular hermitian metric on mK x /Y + L with semipositive curvature 



Remark 3.2 In \B-P\ Corollary 4-2], they have assumed that for every s G 5°, every global holomorphic 
section of {mK x /Y + L)\X S extends locally to a holomorphic section of mK x / Y + L on a neighborhood 
of X s . Apparently they have misunderstood that this extension property is equivalent to the local freeness 
of the direct image E = p Sf O x {mK x /Y + L). Actually without assuming such an extension property, the 
local freeness of E is automatic in the case ofdiraY — I, since the direct image E is always torsion free. 
In fact for y £7 the fiber E y of the vector bundle E at y is a subspace of H°(X y , Xy (mK Xy + L\X y )) 
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such that every element of E y is locally holomorphically extendable on a neighborhood of X y . Hence the 
proof of [B-P ', Corollary J^.2] is valid in this case and Theorem \3.1\ is valid as it stands. 

Or we can argue as follows. By the upper- semicontinuity of h°(X y ,Ox y (TnKx y + L\X y )), there exists 
a nonempty Zariski open subset Yq ofY such that for every y €E Yq, every element of 
H°(X y ,Ox y (mKx y + L\X y )) extends on a neighborhood of X y as a holomorphic section of mKx/Y + 
L. We note the hL dominates a C 00 '-metric of L by the assumption and L? I m -pseudonorm is lower- 
semicontinuous on E because hL is lower-semicontinuous. Hence K^(x) is locally bounded from above 
as a section of the real line bundle \Kx/y\ 2 ® I L |™ over X. Let U be an open subset of X such that 
mK x /Y + L has holomorphic frame e on U . Then log(i£^/|e| 2 ' m ) is plurisubharmonic on U n f~ 1 (Yo) 
by \B-P\ Corollary J^.2]. Then since log(if4/|e| 2 / m ) is locally bounded from above, we may apply the 
classical extension theorem for plurisubharmonic functions (\H-P\ p.704, Theorem 1.2 (b)J). Hence we 
may extend hxs as a singular hermitian metric with semipositive curvature on the whole mKx/Y + L. 
This argument is better, since we do not really use the local freeness of E. Hence Theorem \ 3.1\ holds 
without assuming the local freeness of E. rj 

Theorem 13. II immediately implies the semipositivity of the curvature current of h can ,A- 
Corollary 3.3 h m .A has semipositive curvature current on X° . rj 

Now let us consider the behavior of h m> A along X\X° . Let p be a point in S\S° . Since the problem is 
local, we may and do assume S is the unit open disk A in C with center for the time being and p is 
the origin 0. 

The following argument is taken from [FJ p. 782, Lemma (1,11)]. Let a E T(X,Ox(A + mKx/s)) be 
a section such that a \Xq ^ 0. We consider the (multivalued) -jr A- valued relative canonical form: 

(3.9) r):=o-™. 

We may and do assume that the support of the fiber Xq is a divisor with simple normal crossings. Let 

(3.10) X Q =Y J ViXo, i 

i 

be the irreducible decomposition. We note that the (multivalued) — A- valued canonical form 

(3.11) f*dtAr] 

does not vanish identically on Xq by the assumption: o-\Xq 0. Since the zero divisor of f*dt is 
yiiivj — ^X^o, we see that for some i, rj\Xi,o is a nonzero ^-A-valued meromorphic canonical form. 
Hence 



(3.12) 



hj (a A a)' 



has a positive lower bound around p = G S. This implies that h mi A has positive lower bound around 
Xq. Then we see that (fixing a local holomorphic frame of A + mK X /s) ~ l°g/i m .A i s locally bounded 
from above around X and extends across X as a (local) plurisubhramonic function by [H-Pl p. 704, 
Theorem 1.2 (b)]. This implies that h m ^A is bounded from below by a smooth metric along the boundary 
X \ X°. Hence h m< A extends to a singular hermitian metric of -^A + Kx/s with semipositive curvature 
on the whole X by the same manner as above. Now we set 



(3.13) h can ,A '■= the lower envelope of liminf h A 

To extend h can ,A across X\X°, we use the following useful lemma. 



.A- 
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Lemma 3.4 (\B- 71 Corollary 7.3]) Let{uj} be a sequence of plurisubharmonic functions locally bounded 
above on the bounded open set f2 in C™ . Suppose further 

lim sup Uj 

j-s-oo 

is not identically —oo on any component of Q. Then there exists a plurisubharmonic function u on f2 
such that the set of points: 

{x £ fl | u(x) ^ (lim sup Uj) (x)} 

is pluripolar. rj 

Since h m ,A extends to a singular hermitian metric on —A+Kx/s with semipositive curvature current 
on the whole X and 

i_ 

(3.14) h can A '■= the lower envelope of liminf h A m ■ h rn a 

m—too 

exists as a singular hermitian metric on K x /s 011 X° = f^ 1 (S°), we see that h can; A extends to a singular 
hermitian metric on the whole X with semipositive curvature current by Lemma 13.41 

Repeating the same argument we see that h can is a well defined singular hermitian metric on Kx/s I 
X° with semipositive curvature current and it extends to a singular hermitian metric on K x /s with 
semipositive curvature current on the whole X . 

3.3 Case dim S > 1 

In Sections 13.113. 2[ we have assumed that dim S = 1 . In this subsection, we shall extend h can as a 
singular hermitian metric on K x /s over X with semipositive curvature in the case of dim S > 1. The 
proof is done just by slicing, i.e., we slice the base S by families of curves and apply classical extension 
theorems for plurisubharmonic functions or closed semipositve currents. Let us assume that dim S > 1 
holds. In this case E m — f*Ox(A + mKx/s) mav n °t be locally free on S° . If E m is not locally free 
at s £ S°, then may not be well defined or may be discontinuous at so, because in this case the 
fiber E mySo is defined as a maximal linear subspace of T(X So ,Ox BO {A\X So + mKx 3a )) such that every 
element of the subspace is extendable to a holomorphic section of A + mK x /s 011 a neighborhood of 
X S0 . See (pHS|) below. We set for m |> 1. 

(3.15) V m := {s £ S° | E m is not locally free at s}. 

Then V m is of codimension > 2, since E m is torsion free. By the construction, apriori h can is well defined 
only on S°\ U^ =1 V m . We note that apriori h m< A defined only on f~ 1 (S°\V m ). Then since / _1 (V r m ) 
is of codimension ^ 2 in X°, by the Hartogs type extension |H, p. 71, Theorem 6], we may extend 
h m ,A across / _1 (Kn) as a singular hermitian metric of -^A + K x /s\X° with semipositive curvature 
current. Or more directly, one may use the argument in Remar U3~2l to extend h m ,A across / _1 (K„). 
The extension theorem [Hi p. 71, Theorem 6] is stated for closed semipositive (1, 1) currents. In our case, 
we need the extension of plurisubharmonic functions. But these two extensions are obviously related by 
<9<9-Poincare lemma (and the Hartogs extension for pluriharmonic functions) . Hence by the costruction, 
h C an is extended to X° as a singular hermitian metric on Kx/s\X° ■ 

Next we shall extend h can across X\X°. We note that the problem is local and birationally invariant 
(because the pushforwad of a closed semipositive current is again a closed semipositive). Hence by taking 
a suitable modification of / : X — > S, we may assume the followings: 

(1) S is the unit open polydisk: A fe := {(si, ■ • • , s k ) £ C fc ; \si\ < 1, i — 1, • ■ ■ , k}(k = dim S > 1). 

(2) D :— S\S° is a divisor with normal crossings on S. 
Let C be a smooth irreducible curve in 5* satisfying: 

(ci) cns° 7^0, 
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(C2) is smooth. 

Then by the adjunction formula, we see that 

(3.16) K x/s \r 1 (C) = K f - HC)/c 

holds. For such a curve C, noting (|3.16[) . we may extend /i C an l/^ 1 (C) H X° to a singular hermitian 
metric on K x /s\f with semipositive curvature by the case of dimS 1 = 1. 

First we shall assume that / : X — > S is flat and D is smooth. In this case we may assume that 

(3.17) D = {si = 0} 
holds without loss of generality. We set 

(3.18) C(d 2 , ■ ■ ■ , 4) := ■■■ ,s k )eA k \s 2 = d 2 ,--- ,s k = d k }. 

By Bertini's theorem, for a general (d 2 , • • • , dk) € A fe_1 (here "general" means outside of a proper ana- 
lytic subset), C(d 2 , • • • , dk) satisfies the above conditions (CI) and (C2) and {f^ 1 (C(d 2 , • • • , dk))\(d 2 , ■ ■ ■ , d 
A* 1-1 } is a flat family over A fe_1 . Let (si) denote the divisor of s\ and let 

(3.19) t{si) = J2 l/ i X i 

be the irreducible decomposition. Let x € Xi^ reg \(L)j^iXj) be a general (here "general" means outside of 
some proper algebraic subset) point such that there exists a member C in {C{d 2 , • • • , dk)\{d 2l • • • , dk) € 
A fe_1 } such that 

(1) C satisfies (C1),(C2), 

(2) / — X (C) intersects Xi jr . eg transversally at z. 

Then (a branch of) /*«}'"' is a local defining function of Xj on a neighborhood of x. And if we take 
W sufficiently small, we may find holomorphic functions z\ , ■ ■ ■ , z n (n = dim X — dim S) on W such that 

(3.20) {f*s\ /u \ f*s 2 , ■■■ , f*s k ,zi, ■■■ ,z n ) 

is a local coordinate on W. Since /i C an|/ _1 (C((i2, ■ ■ ■ >dfc) H 5°) H VF extends to a singular hemitian 
metric on the whole slice f~ 1 (C(d 2 , ■ ■ ■ ,dk)) H W for every (da, • • ■ ,dk) G A fe_1 , we see that by |H-P1 
p. 710, Theorem2.1 (c)], h can extends to a singular hermitian metric with semipositive curvature current 
on W. In this way we see that h can extends to a singular hermitian metric across a nonempty Zariski 
open subset of Xi for every i. Then by [Hi p. 71, Theorem 6], we may extend h can across the whole 
Y^i Xi. Hence in this case we may extend h can across the boundary /^ X (D). 

If D = S\S° is reducible and / : X —> S is flat, we extend h can across f~ 1 (D reg ) as above and then 
by [HI p. 71, Theorem 6] we extend h can across f~ 1 (D S i ng ) which is of codimension ^ 2 in X thanks to 
the flatness of /. 

If / : X — > S is not flat, we shall take a flattening j : X S oi f : X — > S (cf. |Hiroj ). In 
this case X and S may be singular, but we may and do take them to be normal. Let C be a curve 
on S reg such that /~ 1 (C) n X reg is smooth and C n S° eg ^ 0. Although / _1 (C) may be singular, 
taking a resolution of f^ 1 (C), by the adjunction formula and the proof in the case of dim S = 1, we may 
extend /i C an|/ _1 (CnS'° eg ) to a singular hermitian metric on K x ^^jg r< _Jf~ 1 (C)r\X reg with semipositive 

curvature. Hence by the above argument, we see that h can is a well defined singular hermitian metric 
(with semipositive curvature current) on K x ^ over X reg n / _1 (S' reff ). Here we have abused the 

same notation h can for the metric on the different space. But the metric h can is birationally invariant. 

Let Z be image of X S i„ g U f (S s i ng ) by the natural morphism X — > X. Then Z is of codimension 
at least 2 in A. Then the above argument in the flat case, h can extends to a singular hermitian metric 
on Kx/s\X\Z with semipositive curvature current. Then again by [Hi p. 71, Theorem 6], we see that 

h can extends to a singular hermitian metric on Kx/s with semipositive curvature current on the whole 
X. This completes the proof of the assertion (1) in Theorem ll.131 
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3.4 Completion of the proof of Theorem 11.131 

To complete the proof of Theorem 11.131 we need to show that h can defines an AZD for Kx s for every 
s € S°. To show this fact, we modify the construction of (cf. (|3. 21) ). Here we do not assume 
dim S = 1 . 

Let us fix s € 5° and let /io, s be an AZD with minimal singularities of Kx s constructed as (|2.5|) . i.e., 
(3.21) Zio.s := the upper envelope of 

inf {h\ h is a singular hermitian metric on Kx 3 such that V - 1 ©/i = and /i ^ h s } , 

where 7i s is a fixed C°°-hermitian metric on K Xs ■ Let {/ be a neighborhood of s G S° in 5° which is 
biholomorphic to the unit open polydisk A k in C k (k := dim 5). On / _1 (J7), we shall identify K x /s\U 
with i^jjf |{7 by tensoring f*{dt\ A • ■ ■ A dife), where (t\, ■ ■ ■ , i&) denotes the standard coordinate on A fe . 
By the L 2 -extension theorem ( |Q-T1 |Q] ) and the argument modeled after |S1] . we have the following 
lemma which asserts that T(X s ,Ox s (A\X S +mKx s )) contains a "large" linear subspace whose elements 
are extendable on a neighborhood of X s . 

Lemma 3.5 Every element ofT(X s ,Ox 3 (A\X e +mKx s )®Z(h™~ 1 )) extends to an element ofr(f~ 1 (U),Ox 
mKx)) for every positive integer m. rj 

Remark 3.6 In the proof of Lemma \3.5l we only use the pseudoeffectivity of Kx 3 - Hence this lemma 
implies that all the fiber over U has pseudoeffective canonical bundles, rj 

Proof of Lemma \3.5[ We prove the lemma by induction on m. If m = 1, then the L 2 -extension 
theorem ( |0-Tl [0] ) implies that every element of T(X s ,Ox s (A + Kx s )) extends to an element of 
Y{f- 1 {U),O x {A + K x )). Let {o^~ X \ ■ ■ ■ , cr^"^} be a basis of T(X S , Xs (A\X s + (m - i)K x .) ® 
l(h™~ 2 )) for some m ^ 2. Suppose that we have already constructed holomorphic extensions: 

(3-22) {a{ m -V, • • • , a^ { -\ s } C r(f-\U),O x (A + (m - 

of {ctx™ -1 ^, • • • ) CT jv(m-i) s } to f 1 ^)- We define the singular hermitian metric h m -i on (A + (m — 
l)K x )\r\U) by 

(3.23) ft m _ : 



JV(m-l) i-(m-l)| 2 ' 



3=1 I" J.-s i 

We note that by the choice of A, 0x 3 (A|^s + TnK Xs ) ^X(h'^ 1 ^ 1 ) is globally generated. Hence we see 
that 

(3.24) l(hZ) C I(^7 1 ) C I^-il*.) 

hold on A s . Apparently ft. m _i has a semipositive curvature current. Hence by the L 2 -extension theorem 
( |0-T1 p. 200, Theorem]), we may extend every element of 

(3.25) T(X S , Xs (A + mK Xs ) ® ^/i™" 1 )) 
to an element of 

(3.26) T{f- 1 (U),O x (A + mK x ) ®l(h m -i))- 
This completes the proof of Lemma l3.5l bv induction, rj 



We set 

(3.27) Zf n , s :=sup<{ \a\™;o-€ T(X S , Xs (A\X S + mK Xs ) ® AKj 1 )), 



x. 



h% ■ (a A a)'< 
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where sup denotes the pointwise supremum. 

Next we shall compare a with s . But since dim S > 1, we need to generalize the definition 

of a . Recall that in the case of dim S = 1, we have defined s as (|3.2j) . In this case E m = 
f*Ox(A + mKx/s) (cf. I|3.ip) may not be locally free on S°. For s e S° we define E m , s by 

(3.28) E„ l:S := {cr e T(X S , Xs {A\X S + mK Xs ))\ o is extendable to 

a holomorphic section of A + mK x /s on a neighborhood of X s }. 

This is the right substitute of the fiber of E m at s in this case. For every s € S°, we define a by 



(3.29) = sup l\<j\^;<reE,, 



h% ■ (cr A <j)~< 



A 

X, 



= 1 



This is the extension of the definition (|3.2I) in Section |3~TI where we have assumed that dimS 1 = 1. And 
we set 

(3.30) K* ta :=limsup/iX 

m—too 

On the other hand we have already defined h can ,A over X (cf. (|3.14p ). And we set 
(3-31) k£=KL,A' 

By the definition of E m-S (cf. (|3.28[1 ) and the lower-semicontinuity of h can ,A, we have that 

(3.32) kt s ^ ki\x s 

holds for every s € S°. By Lemma 13.51 we obtain the following lemma immediately. 
Lemma 3.7 



(3.33) \imsnph"X -Ei s Sk^\X s 

holds. □ 

Proof. By the definition of s above and Lemma 13.51 we have that 

(3-34) ~t, s S K^ s 

holds on X s . On the other hand, by (|3.30[) and (I3.32[) , we see that 

(3.35) limsup/iX • K^ s = K^ s ^ Ki\X s 

hold. Hence combining (|3.34p and (|3.35|) , we complete the proof of Lemma 13.71 rj 

We set 

(3-36) H m . A . s := (S^,)" 1 . 

Then we have the following lemma. 
Lemma 3.8 If we define 

a — A 

(3.37) s := limsup/ij • S ms 

and 

(3.38) Hoo.a.s '■— the lower envelope of S^ 1 ^ s , 
Hoo^a^ is an AZD on K Xg with minimal singularities, rj 
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Proof. Let ho tS be an AZD on Kx t with minimal singularities as (|3.21[) . We note that 

Xs {A\X a + mKx s ) ^TQi^J 1 ) is globally generated by the definition of A. Then by the definition of 

"A 

' — 'rn,s ' 

(3-39) I(^)CI(C !A ,J 

holds for every m ^ 1. Hence by repeating the argument in Section [2.21 similar to Lemma 12.51 we have 
that 

(3-40) H^A,. ^ (J h ^j ■ h , s 

holds. Hence -ffoo,A,s is an AZD on K Xs with minimal singularities, r-j 



By the construction of h can and Lemma 3.5 

(3.41) hcan\X s S Hoo,A,s 

holds on X s . Hence by Lemma [3.81 and (I3.41[) . we see that h can \X s is an AZD on Kx s with minimal 
singularities. Since s € 5° is arbitrary, we see that h can \X s is an AZD on Kx s with minimal singularities 
for every s <G 5°. This completes the proof of the assertion (2) in Theorem 1 1.1 31 

We have already seen that the singular hermitian metric h can has semipositive curvature current (cf. 
Section l3~2)) . For every i, m ^ 1, we set 

(3-42) E$ = UOx. {IA + mKx B ). 

We note that there exists the union F of at most countable proper subvarieties of S° such that for every 
s € S°\F and every £, m Z 1, 4? is locally free at s and 

(3.43) E%] s = T(X s ,Ox s mX s +mK Xs )) 

holds, where Em,s denotes the fiber of the vector bundle Em at s. Then by the construction and 
Theorem [HlHsee Remark for cvei T s € S° \ F, 



(3.44) h can \X s ^h, 



ca n .s 



is the supercanonical AZD on Kx s ■ This completes the proof of the first half of the 
assertion (3) in Theorem 1 1.1 31 Here the strict inequality may occur on S° by the effect of the fact that 
we have taken the lower-semicontinuous envelope in the construction of h can . By the construction it is 
clear that the latter half of the assertion (3) holds. This completes the proof of Theorem 1 1.1 31 rj 

3.5 Proof of Corollary flTl4l 

Although I believe that Corollary |1.14l is a immediate consequence of Theorem 1 1.1 31 to avoid unnecessary 
misunderstanding, I give a brief proof here. 

Let / : X — > S be a smooth projective family such that Kx s is pseudoeffective for every s € 5*. We 
may and do assume that S is the unit open disk A in C. We note that there exists a Stein Zariski open 
subset U of X such that K x /sW 1S trivial. Then by the L 2 -extension theorem ( |Q-T1 p. 200, Theorem]) 
and the assertion (1) of Theorem II. 13[ every element of H° (X s , Ox s (mKx s ) ® I(ft.™~ 1 |A s )) extends 
to an element of H a (X,O x {K x + (m- l)K x/s ) ® ^(/i™; 1 )) for every s £ S. By the assertion (2) of 
Theorem ll.131 we see that 

(3.45) H {X a ,Ox.(mK X3 ) ® ifc 1 |A S )) ~ H°(X a ,Ox.(mK x .)) 

holds for every s £ S. Hence every element of H°(X S , Ox s {mKx s )) extends to an element of H°( X, Ox (Kx- 
(m — l)K x /s) ®2-(^ran 1 )). Then since s is arbitrary, by the upper-semicontinuity of cohomologies, we 
see that the m-genus h°{X s ,Ox a { m ^x a )) is locally constant on S. rj 

3 Theorem l2.11l is used because some ample line bundle on the fiber may not extends to an ample line bundle on X in 
general. 
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3.6 Tensoring semipositive Q-line bundles 

In this subsection, we shall consider a minor generalization of Theorems 11.71 and 11.131 and complete the 
proof of Theorem 11.121 

Let X be a smooth projective n-fold such that the canonical bundle Kx is pseudoeffective. Let A 
be a sufficiently ample line bundle such that for every pseudoeffective singular hermitian line bundle 
(L, h L ) on X, O x (A + L)®l{h L ) and O x {K x +A + L)®l{h L ) are globally generated. 

Bet {B,hs) be a Q-line bundle on X with C°°-hermitian metric with semipositive curvature. For 
every x G X and a positive integer m such that mB is Cartier, we set 

(3.46) K*{B,h B )(x) :=sup{| a |%); a G Y(X, O x (A + m{K x + B))), \\ a ||j_= l} , 

where 



(3.47) 



h% ■ h-B ■ (c A a) ' 



Then h% ■ K^{B,hB) is a continuous semipositive |B| 2 -valued (n, n)-form on X. Under the above 
notations, we have the following theorem. 

Theorem 3.9 We set 

(3.48) K*{B,h B ) := limsup/ijj' • K^(B, h B ) 
and 

(3.49) h cani A(B,hB) ■= the lower envelope of K^(B, hs)^ 1 ■ 
Then h can ,A(B,hB) is an AZD on Kx + B. And we define 

(3.50) h can (B, hs) '■= the lower envelope of inf h ean a(-B,/ib), 

A ' 

where inf denotes the pointwise infimum and A runs all the ample line bundles on X . Then h can (B, hs) 
is a well defined AZD on Kx + B with minimal singularities (cf. Definition \5.2\) depending only on X 
and (B, hs)- □ 



The proof of Theorem 13.91 is parallel to that of Theorem 11.71 Hence we omit it. We also have the 
following generalization of Theorem 11.131 

Theorem 3.10 Let f : X — !• S be a proper surjective projective morphism with connected fibers between 
complex manifolds such that for a general fiber X s , Kx, is pseudoeffective. We set S° be the maximal 
nonempty Zariski open subset of S such that f is smooth over S° and X° = f^ 1 (S°). Let (B,hs) be a 
Q-line bundle on X with C°° -hermitian metric hg with semipositive curvature on X . Then there exists 
a unique singular hermitian metric h can (B 1 hg) on K x /s + B depending only on hg such that 

(1) hcaniB^hs) has semipositive curvature, 

(2) h can (B 1 hg) \X S is an AZD on Kx s + B\X S with minimal singularities for every s G S° , 

(3) There exists the union F' of at most countable union of proper subvarieties of S° such that for 
every s G S° \ F' , 

(3.51) h can {B,h B )\X s ^ h can ((B,h B )\X s ) 

holds. And h can {B, hs)\X s = h can ((B,hB)\X s ) holds outside of a set of measure on X s for 
almost every seS°. [— ] 
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Proof. The proof is almost parallel to that of Theorem II .131 Let q be the minimal positive integer such 
that qB is a genuine line bundle. The only difference in the proof is that we extend 

H°{X s ,0 Xs {A\X S + (mK x + q [m/q\ B s )) ®l(h can (B, Ml^)™" 1 )) 

by the induction on m similarly as in Lemma 13.51 where A is a sufficiently ample line bundle on X 
independent of m. The rest of the proof is completly the same. Hence we omit it. rj 

By Theorem l3~TUl and the L 2 -extension theorem f fCTTl p.200, Theorem]), we obtain the following 
corollary immediately. 

Corollary 3.11 ( r L S2l) Let f : X — > S be a smooth projective family over a complex manifold S and 
let (B,hs) be a Q-line bundle with C°° -hermitian metric Kb with semipositive curvature on X. Then 
for every m ^ 1 such that mB is Cartier, the twisted m-genus h°(X s ,Ox s (m{Kx s + B\X S ))) is a locally 
constant function on S. rj 

Proof. We may and do assume that S is the unit open disk A in C. By the L 2 -extension theorem ( |Q-T1 
p. 200, Theorem]) and the assertion (1) of Theorem 13. 101 for every s € S, every element of 

H°(X s ,Ox(m(K Xs +B\X s )®l{{h can (B,h B ) m - 1 \X s )-h B )) 

extends to an element of 

H°(X, Ox(K x +B + (m- 1)(K X/S + B)) ® l(h can (B, hs)^ 1 ■ h B )). 

By the assertion (2) of Theorem 13. 101 we see that for every s € S 

(3.52) H°(X s ,O x (m(K Xs + B\X S ) ^liChcaniB^Br^lXs) ■ h B )) H°(X s ,O x (rn(K Xs + B\X S )) 

holds. Hence every element of H°(X s ,Gx a (m(Kx„ +B\X S )) extends to an element of H°(X, Ox{Kx + 
B + (m - 1){K X/S + B)) ®l{h can {B, he)™- 1 )). 

Since s is arbitrary, by the upper-semicontinuity of cohomologies, we see that the twisted m-genus 
h°(X s ,Ox s ( m ( K x s + B\X S ))) is locally constant on S. □ 

The following corollary slightly improves Theorems 11.131 and 13.101 

Corollary 3.12 The sets F and F' in Theorems \1.13\ and \3.1(J\ resvectivelu do not exist, rj 

Proof. We shall prove that F is empty. We note that E m = f*Ox(A + mK x /s) (cf- (ED) used 
to define h can is locally free over 5°, since h°(X s ,O x (A\X s + mK Xs )){s € S°) is locally constant 
over 5° by Corollary I3TTT1 and every element of H°(X S , O x {A\X s + mK Xs ))(s € S°) extends to a 
holomorphic section of Ox {A + mK x /s)- By the same reason, for every £, m ^ 1, we see that Em — 
f*Ox(£A + mKx/s) is locally free over S° and every element of H°(X S , O x (lA\X s + mK Xs )){s G S°) 
extends to a holomorphic section of Ox(£A + mKx/s)- Then by the construction of h can in Section l3Tl 
viewing the last part of Section 3.4 (see the definition of F just before p. 431) ). we see that F ought to 
be empty. The emptyness of F' follows from the parallel argument, rj 

Now we complete the proof of Theorem 11.121 rj 

4 Generalization to KLT pairs 

In this section we shall generalize Theorems ll.7l and ll,12l to the case of KLT pairs. This leads us to the 
proof of the invariance of logarithmic plurigenera fTheorem ll,15p . Here the essential new techniques are 
the perturbation of the log canonical bundle by ample Q-line bundles (cf. Section I4.5[) and the use of 
the dynamical systems of singular hermitian metrics (cf. Section [4. 6[) . Here we make use the flexibility 
of Q-line bundles and the nice convergence properties of L 2 / m -norms. 
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4.1 Statement of the fundamental results 

First we shall recall the notion of KLT pairs. 

Definition 4.1 Let X be a normal variety and let D = ^ li diDi be an effective Q-divisor such that 
Kx + D is Q-Cartier. If \i : Y — > X is a log resolution of the pair (X, D), i.e., /i is a composition of 
successive blowing ups with smooth centers such that Y is smooth and the support of \x*D is a divisor 
with simple normal crossings, then we can write 

K Y + f i: 1 D = ^(K x +D) + F 

with F = y\ BjEj for the exceptional divisors {Ej}, where /J,* 1 D denotes the strict transform of D. We 
call F the discrepancy and ej € Q the discrepancy coefficient for Ej . We define the log discrepancy: 
\&{Ej-X, D) at E. } by \d(E.y,X, D) := e 3 + l. 

Thepair(X,D) issaidto be KLT (Kawamata log terminal) (resp. LC (log canonical)), if di < \(resp. 
^ 1) for all i and ej > —1 (resp. 2i — 1) for all j for a log resolution /i : Y — > X. For a pair 
(X,D) with D effective, we define the multiplier ideal sheaf 1(D) of (X,D) by 1(D) := fi*0(\F~\) and 
CLC(X,D) = Supp Ox /1(D). We call CLC(X,D) the center of log canonical singularities of 
(X,D). In this terminnology (X,D) (with D effective) is KLT, if and only if CLC(X,D) = 0. 

For an irreducible closed subset W in X , we set 

mld(^ w ;X,D) := inf \d(E;X,D) 

c x (E) = n w 

and call it the minimal log discrepancy at the generic point ofW with respect to (X,D), where fiw 
denotes the generic point of W and the infimum is taken over the all effective Cartier divisors E on 
models of X whose ceneter cx(E) is equal to W. □ 

The following is the counterpart of Theorem 11.71 in the KLT case. 

Theorem 4.2 Let (X, D) be a KLT pair such that X is a smooth projective variety. Suppose that 
Kx + D is pseudoeffective. 

Then there exists a singular hermtian metric h can on Kx + D such that 

(1) hcan is uniquely determined by the pair (X, D) (see Remark \4-5\ below for the precise meaning of 
the uniqueness), 

(2) h can is an AZD on Kx + D, i.e., 

(a) y— I ®h is a closed semipositive current, 

(b) H°(X,Ox(m(K x + D)) ®l(h™)) ~ H (X,O x (m(K x + D))) holds for every 1 such 
that mD is an integral divisor |j. 

Moreover h can is an AZD with minimal singularities (cf. DeHnition \5.2]) . 

We call h can in Theorem \4-.2\ the supercanonical AZD on Kx + D on (X,D). rj 

In Theorem 14.21 we have used the same notation h can as in Theorem 11.101 for simplicity. I think this 
will cause no confusion. We call h ca n in Theorem 14.21 constructed of Kx + D as in Theorem 11.71 The 
construction is essentially parallel to Theorem 11.71 and will be given in the next subsection (cf. Theorem 

BSD 

As before, we study the variation of the supercanonical AZD's for KLT pairs and prove the following 
scmipositivity theorem similar to the non logarithmic case in Theorem 1 1.71 

Theorem 4.3 Let f : X — > S be a proper surjective projective morphism between complex manifolds 
with connected fibers and let D be an effective Q-divisor on X such that 

4 Without this condition X(/i™„) is not well defined. 
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(a) D is ^-linearly equivalent to a Q-line bundle B, 

(b) The set: S° := {s G S\ f is smooth over s and (X S ,D S ) is KLT} is nonempty, 

(c) For every X s (s G S°) , K Xs + D s is pseudoeffective^. 

Then there exists a singular hermitian metric h can on K x /s + B such that 

(1) h can has semipositive curvature current, 

(2) h can \X S is an AZD on K Xa + B s for every s G 5°, 

(3) For every s G 5°, h can \ X s ^ h can ,s holds, where h can , s denotes the supercanonical AZD on 
Kx s + B s . And h can \X s = h can ,s holds outside of a set of measure on X s for almost every 

seS°. 

□ 

In the proof of Theorem 14.31 we do need to use the fact that D is effective, since we need to use the 
semipositivity result similar to Lemma 13. II 

4.2 Construction of the supercanonical AZD's for KLT pairs 

In this subsection, we shall construct the supercanonical AZD's for KLT pairs similarly to Theorem II .71 
Let (X, D) be a sub KLT pair such that X is smooth and Kx + F> is pseudoeffective. In this subsection 
we shall consider D as a Q-line bundle. Because we are considering singular hermitian metrics on 
Kx + D or its multiples, this is not a problem. 

Let A be a sufficiently ample line bundle such that for any pseudoeffective singular hermitian line 
bundle (L, hi) (cf. Definition [To]) . O x (A + L) ® l(h L ) and O x {A + K x + L) <g> l(h L ) are globally 
generated. Such an ample line bundle A exists by Proposition 15.11 below. Let D — J^idiDi be the 
irreducible decomposition of D and for every i we choose a nonzero global holomorphic section of 
Ox{Di) with divisor Di. For every positive integer m such that mD G Div(Jf), we set 

(4.1) Ki :— sup | |er|>™;cr G Y(X, O x {A + m{K x + £>))), || a ||j_= l} , 
where sup denotes the pointwise supremum and 

j_ 

hj£ -hry ■ (a A a)'' 

x 

where 

(4.2) h D := ' 



2,/, 



Here | a |«> is not a function on X, but the supremum is takan as a section of the real line bundle 
\A\~ ® | Kx + D | 2 in the obvious manner. Then 

(4.3) h m ,A ■■= {kir i 

is a singular hermitian metric on mT 1 A + (Kx + D) with semipositive curvature current. Then h^ m ■ 
h m .A is a singular hermitian metric on K x + D. Then 

i_ 

(4.4) hcan, A '■= the lower envelope of liminf h, m • h m A 

m— >-oo 

is a singular hermitian metric on K x + D with semipositive curvature current, where m runs all the 
integers such that mD G Div(X). Now we have the following theorem similar to Theorem 11.71 



5 Here actually we only need to assume that for some fiber X s (s g 5°). (X s , D s ) is KLT and Kx 3 +D S is pseudoeffective. 
Sec Theorem 14. 101 below. 
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Lemma 4.4 h can ,A and 

(4.5) h can :— the lower envelope of inf h can a 

a ' 

are well defined and are AZD's of Kx + D with minimal singularities, where A runs all the sufficiently 
ample line bundles on X . □ 

Proof. The proof of Lemma 14.41 is almost parallel to the proof of Theorem 11.101 Let ho be an AZD 
with minimal singularities on Kx + D constructed in ( [D-P-SI Theorem 1.5]) as in Section I5~2l Then 
by Holder's inequality, 



x 



hjf ■ hp ■ (& A a) ' 



holds, where m is a positive integer m such that mD £ Div(X), and a G T(X, Ox(A + m{Kx + D)). 
This inequality makes sense, because 

/ hy 1 ■ h D < +oo 
J x 

holds, since (X, D) is KLT. Hence we have the inequality: 

K*^K(A + m(K x +D),h A -h n - 1 -h D )^ ' (J ' h o\ " ■ 
And by Lcmma l2.3l and Remark 12.41 if A is sufficiently ample, letting m tend to infinity, we have that 
(4.6) hcan, A = ho ■ i / Hq 1 • h D 



holds. On the other hand the upper estimate of is obtained by the submeanvalue inequality for 
plurisubharmonic functions. 

Let a G T(X, Ox{A + m(Kx + D))) for some m such that mD is integral. Let (U, (zx, • • ■ , z n )) 
be a local coordinate on X which is biholomorphic to the unit open polydisk A" by the coordinate 
(zi, • • • ,z n ). Taking U sufficiently small, we may assume that (z%, • ■ ■ , z n ) is a holomorphic local co- 
ordinate on a neighborhood of the closure of U and there exist local holomorphic frames of A and 
of Di for every i respectively on a neighborhood of the closure of U. Then there exists a bounded 
holomorphic function fu on U such that 

(4.7) a = fu-e A - {dz x A • • • A dz n ) m ■ (j[ e% ^ 

holds. Suppose that 



(4.8) 



h? ■ hjj ■ (a Act)'' 



A 
X 



= 1 



holds. Then since ho ■ FJ. |e j D i | 2di and h A {^A) &a) has positive lower bound on U, as (|2.3p by the sub- 
meanvalue inequality for plurisubharmonic functions, we see that is bounded compact uniformly 
on U. Hence just as Lemma \2. 11 we have that there exists a positive constant C such that 

(4.9) lim sup h J • h D ■ <, C ■ dV 

m^oo lU || CTDi \r a ' 

holds, where for every i, \\ \\ denotes the hermitian norm of <td 4 with respect to a fixed C°°-hermitian 
metric on Di and dV is a fixed C°° -volume form on X. 

Combining (|4.6p and (I4.9[) . hcan,A 1S n °t identically and is an AZD on Kx + D with minimal 
singularities. This completes the proof of Lemma [4.41 rj 



By Lemma l4.4l and the definiton of h can , h can is an AZD on Kx + D with minimal singularities indeed. 
And the rest of the proof is similar to that of Theorem 1 1.71 This completes the proof of Theorem 14.21 rj 
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Remark 4.5 In the above proof of Theorem \4-2\ K^ depends on the choice of {ctd;}- Nevertheless the 
singular volume form: 



does not depend on the choice. Hence we see that the singular volume form: 



hr l 

can 



IL Wd, 



2d, 



is uniquely determined by (X, D) . In other words, /i oa „ is uniquely determined as a singular volume 
form on X and it does not depend on the choice of {o~Di}- n 

4.3 Construction of supercanonical AZD's on adjoint line bundles 

Let (L,hi) be a KLT singular hermitian Q-line bundle (cf. Definition I1.18[) on a smooth projective 
variety X. Suppose that Kx + L is pscudocffcctive. Let A be a sufficiently ample line bundle on X in 
the sense of Proposition 15.11 in Appendix and let Ha be a C°°-hermitian metric on A. For a positive 
integer m such that mL is a genuine line bundle and o £ T(X, Ox {A + m(Kx +£))), we set 

(4.10) lklU:= / h% -tiL-io-Ao-)' 
For x £ X, we set 

(4.11) k£{x) :=sup{| a |& (x) \ a £ T(X,O x (A + m(K x + L))),\\ a ||i=l}. 
We note that || a || j_ is well defined by the assumption that (£, hi) is KLT. We set 

(4.12) h can .A(L, hi) := the lower envelope of liminf h A m ■ (K^)^ 1 

m— >oo 

and 

(4.13) h can (L, hi) ■= the lower envelope of inf h can a(L, hi), 

A 

where A runs all the ample line bundles on X. 

Theorem 4.6 h carlt A{L,hi) and h can (L,hi) defined respectively as and are AZD's of 

Kx + L with minimal singularities. We call h can {L,hi) the supercanonical AZD on Kx + L with 
respect to hi. rj 

The proof of Theorem 14.61 is completely parallel to the one of Theorem 14.21 above. In fact, for example 
the lower estimate of K^ as follows. Let ho is a AZD with minimal singularities on Kx + L. Then 
similarly as !2.13p the inequality: 



h% ■ h L ■ (a A a)'' 
x 



^ (J h A ■ K- | a | 2 -(V 1 • h L )j m ■ (J V 1 • h L 



holds, where m is a positive integer m such that mL is a genuine line bundle and a £ T(X, Ox (A + 
m(Kx + L))). We note that this inequality makes sense, since (L, hi) is KLT. And the rest is similar 
to that of Theorem 14.21 Hence we omit it. 
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4.4 Proof of Theorem 14. 3t Log general type case 

In this subsection, we shall prove Theorem l4.3l under the following additional assumptions: 

(1) Every fiber (X s , D s ) over s £ S° is of log general type, i.e., Kx, + D s is big, 

(2) D is Q-linearly equivalent to a genuine line bundle B. 

In the following proof we shall consider D as a line bundle Ox(B) and we shall abuse the notation 
Ox(D) instead of Ox(B), i.e., we shall fix a line bundle structure associated with the Q-divisor D. 

Let / : X —> S and D be as in Theorem 14.31 The construction of h can in Theorem 14.31 is similar 
to that in Theorem 11.131 Here we shall assume that S is of dimension 1 for simplicity. The case of 
dim S > 1 is treated parallel to Section ^. 31 The construction of h can on the family is similar to Theorem 
11.131 More precisely we replace E m in (|3.ip by 

(4.14) E m := UO x {A + m(K x/s + D)), 

where A is a sufficiently ample line bundle on X. We note that E m is locally free by the assumption: 
duns' = 1. Let E m , s denotes the fiber of the vector bundle E m at s. Let Ha be a C°°-hermitian metric 
on A with strictly positive curvature on X. Let ao is a nonzero multivalued holomorphic section of 
Ox{D) with divisor D and we set 

(4.15) h D ' 



<td\ 9 ' 



By fixing crjj we may identify a holomorphic section r of Ox(m(Kx + D)) with a (multivalued) mero- 
morphic m-ple canonical form r/(<7D) m . For s € S° we set 

(4.16) k£ s : = sup { \a\™;a e E m , s , \\a\\±=l}, 

where 



(4.17) 



where Iid, s '■= h,D\X s . We set 



■ h D . s ■ (cr A a)~< 



(4.18) K^o.s := the upper envelope of limsup/i^ • s . 
and define by K^\X S = K^ s . Then we set 

(4.19) h can ^A '■= the lower envelope of (K^)^ 1 . 
and 

(4.20) h can '■= the lower envelope of inf h can a, 

a 

where A runs all the ample line bundles on X. Since hp defined as (I4.15j) has semipositive curvature 
current, using Theorem 13.11 we see that h can has semipositive curvature current on X° := / _1 (S , °) by 
the same argument as in the proof of Theorem [TTT3] in Section f3.2l And we can extend h can to a singular 
hermitian metric on K x /s + D over the whole X just as in Section 13.21 Hence we only need to prove 
the assertions (2) and (3) in Theorem 14.31 

For every s £ S° , we also define the canonical singular hermitian metric h can ^ s on Kx s + D s as in 
Lemma [4.41 We note that h can \X s may be different from h can , s for some s £ S°. To prove Theorem 
14.31 we need to compare h can \X s with h can ^ s . 

Let us fix s £ S°. Let U be a neighborhood of s £ S° (in S°) which is biholomorphic to the unit open 
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disk A in C by a local coordinate s. Hereafter over / 1 (U), we identify K x /g\U with K X \U by the 
isomorphism: 

(4.21) ® f*ds : Kx/s\ U -> K x \ U. 

First we shall assume that Kx s + D s is big, i.e., (X S ,D S ) is of log general type. The general case 
follows from this special case by considering Kx/s + D + eA instead of Kx/s + D and letting e tend to 

0. We shall discuss in detail later. 

By [B-C-H-M] there exists a modification 

Us : Y s -> X s 

such that jj,*(K Xa + -D s ) has a Zariski decomposition: 

(4.22) fJ ,* s (K Xs +D S ) = P S +N S , 

1. e., P S ,N S € Div(F s ) ® Q such that 

(1) Ps is nef, 

(2) iV s is effective, 

(3) iJ°(X S) 0x 3 (Lm(#x s +£> S )J)) H°(y a ,CV.(LmP,J)) for every m £ 0. 
We note that in this case P s is semiample (see jB-C-H-M] ). 

Lemma 4.7 Let hp 3 be a C°° -hermtian metric on P s with semipositive curvature and let t x be a 
multivalued holomorphic section of N s with divisor N s . Then 

hp B ■ 



t n \ 2 



is an AZD on ji*{K Xa + D s ) with minimal singularities, rj 

Proof. By Kodaira's lemma H°(Y s ,OY s ( m oPs — P* S A)) ^ holds for a sufficiently large positive integer 
m with moP s is Cartier. We take a nonzero element cro € H°(X S , /i s ,*C9y s (moPs — /i*A)) and identify 
(To as an element of H°(X S , Ox s (m(Kx B + D s ) — A)) in the natural way. Hence we have the inclusion: 

<8 n*a : Oy(fj,*(A + m(K s + D s ))) Y ((i*((m + m )(K Xe + D s ))). 

Then for every element a € H°(X S , Xs (A + m(K Xs + D s ))), by Holder's inequality we see that 



(4.23) J \a ■ a\*&o ■ h D ^ (J hi ■ \*\*\ m+m °- h/° ■ \ao\*5 



holds. Now for every positive integer £, we set 



(4.24) K t :=svp{ \ a \ J ; a € T(X S , O x {l{K Xs + £>.))), 



h D , s ■ (o- Aa)" 



= 1 



Then as Theorem ll.3l 

(4.25) h can := the lower envelope of (limsup-fQ) -1 

is an AZD on K Xs + D s . Then by P~2"3"]) we see that 

K m+mo ^ \tr \*&5 ■ (k m ^^~° ■ Qf h~ A ^ • Kl™ 
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holds. Letting m tend to infinity, we see that 



(4.26) 

hcan = hcan.A 

holds. By the definition of the Zariski decomposition and the semiampleness of P s , we see that hp s ■ jr^-p 
is quasi- isometric to /i CQ „,i.e., the ratio of these metrics is pinched by positive constants. Hence by (|4.26p 
hp, ■ p^-p is an AZD with minimal singularities on fj,'*(Kx s + D s ). rj 



Let a be a positive integer such that aP s £ Div(Y s ). Let us take the ample line bundle A so that for 
every pseudoeffective singular hermitian line bundle (L, hif) on X s 

Xs (A\X, + j{K Xs + D S ) + L)® X(h L ) 

is globally generated over X s for every ^ j ^ a. This is certainly possible (see Proposition 15.11 in 
Section 5.1). 

Let us fix a C°°-hermitian metric h re f^ s on Kx 3 + D s . The following lemma is similar to Lemma 
13.51 Hereafter we shall denote A\X S (resp. h,A\X s ) by A s (resp. tiA, s ) for simplicity. 

Lemma 4.8 Let hu and the positive integer a be as above. If we take A sufficiently ample as above, 
we have the followings. 

(1) For every positive integer m, every element of 

T(X S , Xs {A s +m{K Xa +D s ))(E)2(h D yhc^J 1/al )) extends to an element ofT (/ -1 (?7), O x (A + m{K x + D))) 
, where hr) S denotes the restriction ho\X s . 

(2) There exists a positive constant C such that 

hcan\X s ^ C ' h can ^ s 

holds on X s . In particular h can \X s is an AZD on K Xs + D s with minimal singularities (cf. 
Definition \5.2\) . rj 

Proof of Lemma \4-8\ We prove the lemma by induction on to. If m = 1, then the L 2 -extension theorem 
([ED Ej]) implies that every element of T(X S , Xe (A s + (K Xs + D s )) ® I(h D . s )) = T(X S , Xs (A + 
(K Xs + D s ))) (because (X S ,D S ) is KLT) extends to an element of T(f- 1 (U),O x (A + (K x + D)). 
Suppose that the extension is settled for to — 1(to ^ 2). Let {cr["l : \ ■ ■ ■ , ^j^L^n} ^ e a basis of 

T(X s ,0 Xs (A s + (m — 1)(K Xb +D s )(^J(hrj-hca < h n ' 2 ^ a ^)). By the inductive assumption, we have already 
constructed holomorphic extensions: 

{a{ m - 1} , • • • , a^-\ s } C T(f-\U), O x (A + (m- 1)(K X + D))) 



of {o- { "l i a Nt m lu s } to / 1 {U). We define the singular hermitian metric h m ^i on A + ( 

lX^x + ^irVSV 5 

(4.27) h m -i ' 



,JV(m-l) |~(m-l)| 2 ' 



2^j=i \ a j, s i 

By the choice of a and the fact that (X s , D s ) is KLT, aP s is integral on Y s and we have the inclusion: 



(4.28) OxJA s +[m-l-a 



to — 2 



(K x , +D S )\® {[i s )*0 Ya a 



to- 2 



Ps 



OxM+(m-l)(Kx s +D s ))®l(h D , s ■ h±~ 2 ^). 
In fact by Lemma [4.71 (/i s )»Oy s (a I 22=2 J . p s ) i s nothing but the sheaf of germs of locally bounded 



holomorphic sections of A + a [(to — 2)/aJ • (Kx s + D s ) with respect to the metric K, 



a[(m-2)/aJ 
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since (X s , D s ) is KLT and Xs (A s + (m - 1){K X , + D s )) <g) • h$&? 3 2)/qJ ) is globally generated 

over X s (by the choice of A), ()4.28[) implies that 

(4.29) h m ^\X s = 0(h A , s ■ h±7 2)M ■ Kit~ 2) ' a} )- 

holds on X s . Here we have neglected the effect of the singularities Hd, s by the choice of a and A. 
Apparently h m -\ has a semipositive curvature current on U. Hence h m —i ■ hp is a singular hermitian 
metric on (A + m(K x + D) — Kx)\U with semipositive curvature current. Then by the L 2 -extension 
theorem ( |Q-Tl 10] ). we may extend every element of 

T{X s ,Ox 3 {A s + m{K Xs + D s )) ®l{h m ^ ■ h D \X s )) 

to an element of 

T(f-\U), O x {A + m{K x + D)) <g> l(h m -i ■ h D )). 
And by (|4.29j) . we have that 

(4.30) h m ^ ■ h D \x s = o{h A , s ■ /c L lT 2)/aJ • Kit~ 2)/a} ■ h ^s)- 

We note that by the choice of A, Xs {A s +m(K Xa +D s ))®T(h^r 1)/al -h D , s ) is globally generated over 
X s . Hence by (g3D| we may extends every element of H°(X S) Xs {A s +m(K Xs +D S )) ®I{h a c ^ s ~ l) 1 ^ ' 
hD,s)) to an element ot T(f~ 1 (U), O x (A + m(K x + D))) and the estimate 

(4-31) h m \X s = 0{h A , s • h± m - 1)/ai ■ K { e ( f T 1)/a} ) 

holds by the same argument as above. Hence by induction on m, we see that (|4.31[) holds for every 
m ^ 1. (|4.3ip implies the inclusion: 

(4-32) H a {X s ,0 X3 {A s +m{K X3 +D s ))®l{h^-^'^)) <-> E m , s 

and the assertion (1) of Lemma 14.81 holds. 

By using Holder's inequality as (|2.14[) and the trivial inequality: a[(m — l)/aj ^ m — 1, we shall 
transform the inclusion (|4.32[) to the lower estimates of K^\X S (cf. (|4.16[1 ): 

(4.33) Ki\X s ZK(A a + m{K Xs + D s ),h A ■ ■ h D>s ) " • h~ a \ 

We note that by Lemma \2. 3 1 and Remark 12.41 we see that 

limsup/if • K(A S + m(K Xs + D s ), h A , s ■ h™~^ s ■ h D>s )™ = h~^ n s 
holds. Then by the Holder inequality, similarly as (|2.13p and (12. 14)) we have the estimate: 

(4.34) limsup hf ■ K^\X S ^ ( / h^ n>s ■ h D<s ) • h~} n s . 

m-toc \JX, / 



can.s 



Hence by setting 



C : — / h, n „ „ • h 



X. 



we have the estimate: 

(4.35) h can \X s ^ C ■ /i ccm ,s 

This completes the proof of Lemma 14.81 rj 
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By Lemma 14.81 and Theorem 14.21 we see that h can \X s is an AZD on K Xs + D s with minimal 
singularities. Since s £ S° is arbitrary, we complete the proof of the assertion (2) of Theorem 14.31 

Now we shall prove the assertion (3) of Theorem 14.31 For £,m 2i 1, we set Em := f*O x (£A + 
m(K x /s + D)). We note that Em is a vector bundle, because we have assumed that dim5 = 1. We set 

(4.36) F := {s G S°\E&] B f T{X s ,0 Xs (£A S + m(K Xe + D.)) for some £, m ^ 1}, 

(£) * j 

where E m 's denotes the fiber at s. Then by the definitions of h can ,s and h can , we see that for every 

s e S°\F,' 

hcan\Xs ^ hcan,s 

holds on X s . To prove that F is empty, we need to prove that h° (X s , Ox s [£A S + m(K Xs + Ds))) is 
locally constant on S° for every £, m ^ f. But this follows from Theorem 11.151 Here we note that to 
prove Theorem 11.151 we need to use only the assertions (1) and (2) of Theorem 14.31 See Section I4T51 
below. 

4.5 Proof of Theorem 14.31: Non log general type case 

Next we shall consider the case that K Xs + D s is not necessarily big and D is Q-linearly equivalent to a 
genuine line bundle B. In this case we shall consider the perturbation: K x /s + D + £~ 1 A(£ = 1, 2, • • ■ ). 
Since Kx/s + D + ^ _1 A|X S is big for every s £ S° by the assumption, we may apply the argument in 
the last subsection. But there is a minor difference that Kx/s + D + £~ 1 A\X S is not Cartier. This is by 
no means an essential difficulty. But we need to modify the argument in an obvious way. Then we let £ 
tend to infinity. 

More precisely we argue as follows. Let G — b(£)A be a positive multiple of A. We set 

(4.37) Et, m ■= f*O x (G + m(K x / s + D) + [m/t\A) 
and 

(4.38) Kfm{s) := sup { \a\ » ; a e ^ || a \U, m ,s= l} , 
where 

(4.39) || a \\e,m, s ~ / h As m ■ h D>s ■ (a A 5)* 
We set 

(4.40) Kf^ := the upper envelope of limsup Kf n 

m— >-oo 

and 

(4.41) h canAG - ' 



And we set 

(4.42) h carii i := the lower envelope of inf hca n ,i,G, 

Ct 

where G runs all the positive multiples of A. Replacing / : X — > S by X s — ► {s} we obtain h can j^Q^ s 
and h can ,e,s- By [B-C-H-M] there exists a modification 

such that fJ-£ s (Kx B + D s + £~ X A) has a Zariski decomposition: 
(4-43) Mfe )S (^x a + D s + jA) = P e , s + N t>a . 

Let a = a{£) be a positive integer such that a ■ P^ jS is Cartier. Here we shall use the same notation as 
before for simplicity. 
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Lemma 4.9 If we take G (depending on t) sufficiently ample, we have the fallowings. 

(1) For every positive integer m, every element of 

T(X s ,0 Xs {G s + m(K Xs + D„) + \m/t\A)) ®X{h D>s ■ h^ i ~ r>/ai )) extends to an element of 
T (f~ l (U),Ox(G + m(K x + D) + [m/£\A)) , where G s := G\X S and h DtS denotes the restriction 
h D \X s . 

(2) There exists a positive constant C independent of £ such that 



(4.44) h canA \X s ^ C ■ h\ s ■ h, 



holds on X s . r-\ 



Proof. The proof of the assertion (1) is parallel to that of Lemma 14.81 i.e., we use the successive 
extensions. The only difference here is that we need to tensorize (A, Ha) every £-steps. Then as in 
Lemma 14.81 we see that we have that 



(4.45) "h can j\X s = 0(h can< £ <s ) 

holds as (|4~35]) . 

Let us prove the assertion (2). By the assertion (1) we see that since h can j\X s is an AZD with 
minimal singularities £ A + (K Xs + D s ) by (|4.45[) and h ca n,s is an AZD with minimal singularities on 
K Xs + D s . Since A is ample it is clear that 



(4.46) h can<e \X s ^ O (h\ 



A.s ' h>can,s 

holds on X s . Our task is to find a constant C independent of t such that (|4.44j) holds. By (14.461) and 
the assertion (1), we have the inclusion: 

(4.47) H°(X S: Xs (Gs + m(K Xs + D s ) + \mJ£\A) ® X(/C L £T 1)/oJ ■ h D ,.)) ^ E Lm , s . 

Then we tranform the inclusion (|4.47[) to the inequality: 
(4.48) 

kfjX s ^k(g s + m(K Xs + D.) + [m/£]A s , h b £ +lm/ti ■ h™~]s • h 
obtained just as (|4.33[) above. Hence letting m tend to infinity, by Lemma l2~3 

h C an,l\X s 5; C ■ s ' hcan,s 

holds for 

hence it is independent of £. Hence the assertion (2) holds, rj 



1 — 1 _ L 



I ■ \ I n can.s 1 "-D,, 



Lemma E2] implies that 

(4.49) h can ,oo '■— the lower envelope of liminf h can ^ 

l— >oo 

exists and h can ,oc\X s is an AZD on K Xg + D s with minimal singularities (cf. Definition I5.2[) . In fact 
the upper estimate of ft. ca n,oo follows from the assertion (1) of Lemma 14.91 and the lower estimate follows 
from the same argument as in Section 12.11 

Hence if A is sufficiently ample, by the L 2 -extension theorem ( |Q-T1 [0]h we see that for every 
m ^ every element of H°(X S , Xg (A s + m(K Xs + D s )) ^^(h™^^ ■ h D \X s )) extends to an element of 
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H°(f 1 (U), Ox(A+m(Kx/s+D))). Since h cant00 \X s is an AZD on K Xs +D S with minimal singularities 
as above, the inclusion: 

(4.50) H°(X S , Xs (A s + m(K Xs + £>,)) ® ifc, 1 , • h D>s )) C 

/f (X s ,O Xa (A s + m(^x 8 + £> s )) ®I{hZa]oo • h D \X s )) 
holds. Hence by the L 2 -extension theorem f |Q-T[[0] ). we may extend every element of H°(X s ,Ox s (A s + 
m(K Xs +D s ))®T{hZn 1 s - h D,s)) to an element of H {f- l (U),G x (A + m{K x/s + D))). Then as (14331 
we may transform the inclusion (|4.50|) to the inequality: 

Ki\X s ^k(a s + m{K Xs + D s ),h A ■ h™ a -] s ■ h D>s ) * • (J h-^ s ■ h DtS 

holds and repeating the same estimate as above (see (|4.34[) ) . letting m tend to infinity, by Lemma T2.31 
we see that 

h ca n\X s ^ h C an lS 1 tlD,s \ 1 ^can,s- 

holds on X s and h can \X s is an AZD on -?Of s + with minimal singularities. Since s 6 5° is arbitrary, we 
complete the proof of the assertion (2) of Theorem 14.31 The rest of the proof (the proof of the assertion 
(3)) is completely parallel to that of the previous subsection. We complete the proof of Theorem 14.31 
assuming the boundary D is Q-linearly equivalent to a Cartier divisor. 

4.6 Dynamical systems of singular hermitian metrics 

In this subsection, we complete the proof of Theorem 14.31 Here we do not assume that the boundary 
B is Q-linearly equivalent to a genuine line bundle. In Section [5.31 we also give an alternative proof by 
using the ideas in [E-P . 

First we shall prove the following theorem. The technique used here is essentially the same as the 
Ricci iteration in |T8) . 

Theorem 4.10 Let f : X — > S be a proper surjective projective morphism between complex manifolds 
with connected fibers and let D be an effective Q-divisor on X such that the set: 

S° := {s £ S\ f is smooth over s and (X s , D s ) is KLT } 

is nonempty. Suppose that S is connected and for some sq €E 5°, Kx 3Q + D Sa is pseudoeffective. 
Then the followings hold. 

(1) K Xs + D s is pseudoeffective for every s G 5° . 

(2) K x / S + D is pseudoeffective (cf. Definition ] 1.6\) . rj 

Remark 4.11 Here the pseudoeffectivity is defined as Definition \1.6l Hence we do not assume the 
compactness of the base space S. rj 

Proof. The proof is quite similar to that of Lemma 14.81 The only essential difference is that we need 
the double induction, because of D s is not Q-linearly equivalent to a Cartier divisor. First we may and 
do assume that dim S = 1 without loss of generality. Let A be a sufficiently ample line bundle on X 
such that 

(4.51) L :=A+(q-l)(K x/s +B) 

is ample. Let us fix a C°°-hermitian metric on Hl on Lo with strictly positive curvature. Then we 
define a singular hermitian metric K x /g + B + La\X° = A + q(K x /s + B)\X° by 

(4.52) h :=h ca „(L + B,h Lo -h D ). 




37 



Here we have used the relative version of Theorem 14.61 i.e., we take the direct image f*O x (m(K x /s + 
B + Lq)) for every sufficiently divisible m > and construct the metric just as in Thorem lf .121 by using 
the similar construction as in Theorem 14.61 Then ho is of semipositive curvature current over X° by 
using Theorem 13. f I as in Section 13.21 and it extends to a singular hermitian metric with semipositive 
curvature on q(K x /s + B) + A by the same argument as in Section [3~31 Now we set 

(4.53) Ll .-^ q -i){K x/s+ B) + ^A 

q 

and define the singular hermitian metric hi on K x /s + B + L\ over X° by 

(4.54) hi :=h can (L 1 +B,h^~ -h D ). 

Similarly as ho, hi is of semipositive curvature current over X° and it extends to a singular hermitian 
metric on K X /s + B + L\ with semipositive curvature current. Inductively for every positive integer to, 
we set 

( — 1 \ m 
q) A 

and 

(4.56) h m := h can (L m + B, h m q _ 1 ■ h D ). 

Then by induction on to, using Theorem l3.ll we see that h m has semipositive curvature for every m. The 
above inductive construction is not well defined apriori, since we do not assume the pseudoeffectivity of 
(K x /s + B)\X S for every s £ S°. But the well definedness of h m can be verified by successive extensions 
as follows. 

Let U be a neighborhood of sq in S° which is biholomorphic to the unit disk A in C. We may assume 
that so = on U ~ A. Let us assume the followings: 

(1) We have already defined the singular hermitian metric h m -\ on ifx/s+5+£ m _i with semipositive 
curvature. 

(2) h m -i\Xo is an AZD of K Xo + Bq + L m _i|Xo with minimal singularities. 

These assumptions are certainly satisfied for m — 1 = 0, if we take A sufficiently ample (see (|4.51[) and 
(14.521) ). Under these assumptions, we shall prove the followings: 

(A0) m K Xs + B s + L m \X s is pseudoeffective for every s G 5°. Hence the singular hermitian metric h m 
on K X j S + B + L m is well defined and has semipositive curvature. 

(BO) h m \Xo is an AZD of K Xg + Bq + L m \Xo with minimal singularities. 

Let H be a sufficiently ample line bundle on X in the sense of Proposition 15.11 and let hn be a C°°- 
hermitian metric on H with strictly positive curvature. 

We shall construct the singular hermitian metric h m j on H + [£(K X / S + B + L m )\ |/ _1 (C7) with 
semipositive curvature for every £ ^ by induction on I as follows. Let hA be a C°°-hermitian metric 
on A with strictly positive curvature. 

For i — 0, we set h m fi := hn- Suppose that we have already constructed h m ^-\ for some i ^ 1. We 
shall extend every element of 

(4.57) H°(X , O X0 (H + l£(K x/s + B + L m )J) gZ^-i • • h D \X Q )) 
to an element of 

H a {r\U),O x {H + [£(K X/S + B + L m )\)®l{h m/ . x ■ h^ ■ h D )) 
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by the L 2 -extension theorem ( |Q-TI [Q] ). In fact we use the semipositively curved metric: 



on H + \t{K x/8 + B + L m )\ - K x/S , where 



5? := 



{I- I) 



q 

to apply the L 2 -extension theorem. Extending a set of basis of H°(Xq, Xq (H + [£(K x / s + B + L m ) \ ) ® 

X(h m> i—i • h n ^_ 1 ■ hi)\Xo)) by the L 2 -extension theorem, we define the singular hermitian metric h m ^ on 
H + [£(K x /s + B + L m )\ \f~ 1 {U) with semipositive curvature just as (14.27[) above. Here we note that 
since (X ,D ) is KLT, 

H°(X i O xo (H + [£(K X/S + B + L m )\ ) ® X(h m 4-i ■ \t x ■ h D \X )) 
contains the subspace: 

H° {oo) (X ,O Xa (H + [£(K X/S + B + L m )\), (h m/ -i ■ hf_ x ■ ^)|X • h B . ) 

of H (Xo,0 Xo (H + \£{K x /s + B + L m )\)) consisting the bounded holomorphic sections with respect 

to (hm,e-i • ^ m -i ' h S l)\Xo ■ hsfi, where hs.o is a C^-hermitian metric on B\Xq. Let /i m .o.mm be an 
AZD of K Xf + Bq + L m \XQ with minimal singularities (cf. Section [5^ . We shall use this fact for the 
estimate of h m ,e\Xo as the use of (|4.28[) in the proof of Lemma We note that 



h m -i \Xq 



, q \ q ) 
M,0 



holds by the assumption that h m ^\\X§ is an AZD of K Xo + Bq + L m ^i\Xo with minimal singularities. 
Then using [B-C-H-M again, as (|4.31[) in Lemma T4.8[ by induction on £, we see that 

(4.58) h m j\X = o(h Hfi -hi^ min -h A f^ ) } ) 

holds, where hn,o '■= hn\Xo (Actually as in Lemma [4.81 we have a slightly better estimate). Hence 
by the sufficiently ampleness of H, {/i mi j}^ is well defined on U. In particular K x /g + B + L m is 
pseudoefiective on / _1 (J7) and h m is well defined on / _1 (f7) because the pseudoeffectivity on the fiber 
is closed under specialization over 5°. We transform (|4.58[) into the estimate: 

(4.59) h m \X = 0(h m fl tmin ) 

as (|4.35p by the same argument as (|4.31[) ~ (|4.35p . And we see that h m \Xo is an AZD with minimal 
singularities on K Xa + Bq + L rn \Xo. Hence the induction works. In this way, {h m ^}^ is well defined 
for every m ^ 0. And this implies that (K x / S + B + L m )|/ _1 ([/) is pseudoefiective for every m ^ 0. 
Letting m tend to infinity, we see that K Xs + B s is pseudoefiective for every s £ U. The openness of 
the pseudoeffectivity of K Xg + B s + L m \X s is obtained just by repeating the above argument. Hence 
for every s £ S°, K Xs + B s + L m \X s is pseudoefiective because the pseudoeffectivity is closed under 
specializations. This implies that h m is well defined and is a singular hermitian metric on K x /g + B + L m 
with semipositive curvature over X° := f^ 1 (S°) by Theorem 13.11 and induction on m. And it extends 
to a singular hermitian metric with semipositive curvature just as in Sections 3.2 and 13.31 By the 
semipositivity of the curvature of h m we see that K x /g + B + L m is pseudoefiective. 

Replacing = So by an arbitrary s £ S° and repeating the above argument, we prove the followings 
by induction on m. 

(A) m K x /s + B + L m is pseudoefiective on A and K Xs +B S +L m \X s is pseudoefiective for every s £ S°. 
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(B) h m \X s is an AZD with minimal singularities on Kx a + B s + L m \X s for every s E S°. 

Hence h m is well defined and has semipositive curvature. Letting m tend to infinity, we see that Kx/s+B 
is pseudoeffective and Kx s + B s is pseudoeffective for every s E S°. rj 



Now we shall complete the proof of Theorem 14.31 We shall use the same notation as above. In the 
above proof of Theorem 14. 101 we have seen that h m \X s is an AZD with minimal singularities on Kx s + 
B s + L m \X s , Hence again similarly as Lemma T4.91 (2), by the induction on m, we see that there exists 
a positive constant C independent of m such that for every m ^ 1 , 



can,s 



(4.60) hm \x s ^exp(c -J2 }-h K A f ) ■ h 

\ fc=0 

holds. Letting m tend to infinity, we see that 



(4.61) liminf h A y q * ■ h m ) \X. ^ exp(C ■ q) ■ h g Cl 



holds. Since the lower estimate of the left-hand side is obtained as in Section [2. 11 the lower semicontinu- 
ous envelope of the left-hand side is a well defined singular hermitian metric with semipositive curvature. 
We note that 

(4.62) Han\X s = O ( liminf ( h A ^ ■ h m ) \X t 

( -(2^-) m \ 

holds , since h can is an AZD with minimal singularities on K x /s + -D and liminf m ->co \h A q ■ h m I 

is a singular hermitian metric on K x /s + B> with semipositive curvature. Combining (14.61)) and (|4.62[) . 
we see that 

holds. This completes the proof of the asseretion (2) in Theorem 14.31 The rest of the proof is identical 
to the one of Theorem 11.121 rj 

4.7 Variation of super-canonical AZD's for relative adjoint line bundles of 
KLT O-line bundles 



We can generalize Theorem 14.31 to the case of the family of relative adjoint bundles of KLT singular 
hermitian line bundles. 

Theorem 4.12 Let f : X — > S be a proper surjective projective morphism between complex manifolds 
with connected fibers and let {L,hif) be a pseudoeffective singular hermitian Q-line bundle on X such 
that for a general fiber X s , (L,hjj)\X s is KLT(cf. Definition ] 1 . 1 8\) . We set 

S° := {s G S\ f is smooth over s and (L, h£)\X s is well defined and KLT } . 
Then there exists a singular hermitian metric h can {L, Hl) on K x /s + B such that 

(1) h can {L,hL) has semipositive curvature current, 

(2) h C an(L, hh) \X S is an AZD on Kx s + L s (with minimal singularities) for every s G S° , 

(3) For every s e S° , h can (L, h L )\ X s ^ h can ((L,h L )\X s ) holds, where h can ((L, h L )\X s ) denotes the 
supercanonical AZD on Kx s + L s with respect to hz,\X a (cf. Theorem \4-6{ l. And h can {L, hif)\X s = 
hcan{(L, hif)\X s ) holds outside of a set of measure on X s for almost every s £ S° . □ 
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The proof of Theorem 14. 121 is completely parallel to the one of Theorem 14.31 above. 

Assume that for every positive rational number e, L s + eA\X s (s G S°) is Q-linearly equivalent to an 
effective Q-divisor D e s such that (X s ,D £tS ) is KLT. Then we may apply [B-C-H-M] as in Section 1431 
and can prove Theorem 14. 1 21 similarly as Theorem l4.3l To assure this assumption, we need the following 
lemma. 

Lemma 4.13 Let (F. hp) be a pseudoeffective singular hermitian Q-line bundle on a smooth projective 
variety M such that the curvature ®h F dominates a C°° -Kdhler form on M . Suppose that (F, hp) 
is KLT (cf. Definition \1.18}) . Then there exists an effective Q-divisor V on M such that L is Q-linearly 
equivalent to V and (M, V) is KLT. [— ] 

Proof. By the assumption and Nadel's vanishing theorem ((Nj p. 561]), we see that for every sufficiently 
large m such that mF is Cartier, Om(itiF) <g>I(/i^) is globally generated. Take such a sufficiently large 
m and let a be a general nonzero element of H°(M, Om(juF) ®Z(h F 1 )) and set V — m^ 1 (a), where (a) 
denotes the divisor associated with a. Then (M, V) is KLT by the global generation property, rj 

The rest of the proof of Theorem 14. 121 is parallel to the one of Theorem 14.31 Hence we omit it. In fact 
we just need to replace hp> lS by hp, s '■= h^\X s . rj 

The following pseudoeffectivity theorem is similar to |B-P[ Theorem 0.1]. The advantage is that we 
deal with Q-line bundles and without assuming the existence of sections on the special fiber. But our 
theorem has the additional KLT assumption. 

Theorem 4.14 Let f : X — > S be a proper surjective projective morphism between complex manifolds 
with connected fibers and let L be a Q-line bundle on X with a singular hermitian metric with 
semipositive curvature. We assume that S is quasiprojective or Stein. Suppose that the set: 

S° := {s G S\ f is smooth over s, {L, hi,)\X s is well defined and KLT } 

is nonempty and there exists some sq G 5° such that Kx s + L\X So is pseudoeffective. 
Then Kx/s + L *- s pseudoeffective on X . rj 

The proof of Theorem 14.141 is parallel to that of Theorem 14.101 if we use the perturbation as in Section 
14.51 and Lemma 14.131 Hence we omit it. The assumption that S is quasiprojective or Stein is used to 
globalize Lemma T4. 131 on X. 

4.8 Proof of Theorems ITT51 and [TTTTJI 

In this subsection we shall prove Theorems 11.151 and 11.191 

Let / : X — > S be a proper surjective projective morphism between complex manifolds with connected 
fibers. Let D be an effective Q-divisor on X such that 

(a) D is Q-linearly equivalent to a Q-line bundle B, 

(b) The set: S° := {s € S\ f is smooth over s and (X s , D s ) is KLT } is nonempty. 

If Kx SQ + D S() is pseudoeffective for some so G S°, then for every s G S° , Kx s + D s is pseudoeffective 
by Theorem UTTUl Hence we may and do assume for every s G S°, Kx s + D s is pseudoeffective. In fact 
otherwise we see that P m (X s , B s ) is identically on S° for every m ^ 1. 

Since the problem is local, to prove Theorem II .151 we may and do assume that S is the unit open 
disk in C and S° = S. Let h can be the relative supercanonical AZD on / : (X, D) — > S@ as in Theorem 
14.31 Let m be an arbitrary positive integer such that mB is a genuine line bundle. Let s G S° and 
let a G H°(X s ,0 Xs { m i. K x s + B s ))) be an arbitrary nonzero element. Since h can \X s is an AZD with 
minimal singularities (see Definition I5.2|) by Theorems 14.21 and 11.131 (or Lemma 14. 8|) , 

hcan\X s = O 
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holds. Hence /i™ n (er, a) is bounded on X s . We note that 

kl 2 • {Kkn l \Xs) • h D , s = |a| 2 • (&£J*„) • (Ch- a \\X s ) ■ hn,s) 

holds and (h^ n \X s ) ■ ho, s is a locally integrable singular volume form on X s , since (X S ,D S ) is KLT. 
Hence we see that 

/ \a\ 2 -0C- x \X s )-h Dta 

is bounded. By Theorem 1 1 . 1 31 and the L 2 -extension theorem QQ-Tl [Q] ). we may extend a to an element 
of H° {X,Ox{m(Kx + B))). Since s € S° is arbitrary, noting the upper- semicontinuity theorem for 
cohomologies, we see that P m (X s , B s ) = dimH°(X s , Ox s (m(Kx 3 +B S ))) is locally constant over S°. rj 

The proof of Theorem II .191 is simlar to the one of Theorem 1 1.1 51 Hence we omit it. 

4.9 Semipositivity of the direct image of pluri log canonical systems 

The semipositivity of the direct image of the relative pluricanonical system has been studied in many 
papers such as [FllKaH lVlHV2j . But in the case of the relative pluri log canonical systems, not so much 
is known except |Ka31 p. 175, Theorem 1.2]. 

Let / : X — > S be a proper projective morphism between complex manifolds with connected fibers. 
Let D be an effective Q-divisor on X such that S° := {s G S\ f is smooth over s and (X s , D s ) is KLT } 
is nonempty. Suppose that D is Q- linearly equivalent to a Q-line bundle B. Let m be a positive integer 
such that mB is a genuine line bundle. Then by Theorem 1 1.1 51 the direct image: 

(4.63) F m := .UO x (m(K x /s + B)) 

is locally free over 5° . By Theorem 14.31 the relative supercanonical AZD h can exists on K x /s + B and 
has semipositive curvature current. We define the metric h m on F m \S° by 

(4.64) h m (a,a') := (V^l) n2 f h™^ ■ h D ■ a A~? (<j,<t' E F m , s ), 

Jx s 

where ho is the metric defined as f|4. 1 5[) and n := dimX — dim S. Then by Theorem 14.31 and [B-Pl 
Theorem 3.5], we have the following theorem. 

Theorem 4.15 The locally bounded metric h m on F m \S° is semipositive in the sense h m gives a singular 
hermitian metric with semipositive curvature on the tautological line bundle 0(1) on P(i 7 '* i |S' ). rj 

Remark 4.16 It is trivial to generalize Theorem \4-15\ in the case of the direct image of the multi adjoint 
line bundle of a generically KLT line bundles. 

If Conjecture \2.16\ is true and dimS* =1, it is not difficult to see that h m gives a singular hermitian 
metric with semipositive curvature on the tautological line bundle 0(1) on the whole P^^). rj 

For the different treatments such as weak semistability of the direct images of pluri log canonical systems, 
see |T7I IT8I IT9) . In these papers, the canonical metric comes from a log canonical bundle on the base 
space of an Iitaka fibrations and the construction of the metric is quite different from the one here. 

5 Appendix 

Here we collect miscellaneous facts. 
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5.1 Choice of the sufficiently ample line bundle A 

In this subsection, we shall prove the following proposition. 

Proposition 5.1 Let X be a smooth projective n-fold. Then there exists an ample line bundle A on X 
such that for every pseudoeffective singular hermitian line bundle [L, h£) on X , Ox{A + L) ® 1(Hl) 
and Ox(Kx + A + L) ®T(hi,) are globally generated, rj 

Proof. We construct such an A by using L 2 -estimates. In fact let g be a Kahler metric on X and for 
every x, d x denotes the distance function from x and let R > denotes the infimum of the injective 
radius on (X,g). Let p be a C°°-function on [0, R) such that 

(1) O^p^l, 

(2) Supppc [0,|i2], 

(3) p=l on %\R\. 

Then we may take an ample line bundle A and a C°°-hermitian metric Ha such that 
V~^T(8/ lA + 2ndd(p(d x ) -logd^)) and Ric g + \/^T (@h A + 2nd<9 (p(d x ) ■ log d x )) are closed strictly pos- 
itive (1, 1) current on X for every x € X. Then by Nadel's vanishing theorem [Nj p. 561], for every pseu- 
doeffective singular hermitian line bundle (L, hi) on X, Ox{A+L)®I{hi) and O "x(K x + A+ L)®I{h£) 
are globally generated, rj 



Let Ha be a a C°°-hermitian metric on A with strictly positive curvature as above. Let us fix a 
C°°-volume form dV on X. By the L 2 -extension theorem ([O]) we take a sufficiently ample line bundle 
A so that for every x € X and for every pseudoeffective singular hermitian line bundle (L, hi), there 
exists a bounded interpolation operator: 

I x : A 2 (x, {A + L) x , h A ■ h L ,S x ) -> A 2 (X, A + L : h A - h L ,dV) 

such that the operator norm of I x is bounded by a positive constant independent of x and {L,hi), where 
A 2 (X, A + L,Ha ■ h^, dV) denotes the Hilbert space defined by 

A 2 (X,A + L,h A -h L ,dV) := !a eT(X,O x {A + L)®T(h L ))\ J | o | 2 -h A ■ h L ■ dV < +oo| 

with the L 2 -inner product: 

(<7, a') := / a • cr' • hA • hL ■ dV 
Jx 

and A 2 (x, (A + L) x , hA ■ hL,6 x ) is defined similarly, where 5 X is the Dirac measure supported at x. We 
note that if h^x) — +oo, then A 2 (x, (A + L) x , hA • hL 7 S x ) = 0. 

5.2 Analytic Zariski decompositions and singular hermitian metrics with 
minimal singularities 

In this paper we have used the notion of AZD's (cf. Definition II. ip . We note that there is a similar 
but different notion : singular hermitian metrics with minimal singularities introduced in |D-P-Sj (see 
Defmiton 15.21 below) . I would like to explain the difference of these two notions here. 

According to |D-P-Sj . an AZD is constructed for any pseudoeffective line bundle L as follows. Let 
hL be any C°°-hermitian metric on L. Let hg be an AZD on Kx defined by the lower envelope of : 

inf Vh | h is a singular hermitian metric on L with ®h ^ 0, h ^ /i^} , 

where the inf denotes the pointwise infimum. This construction is exactly the same as (|2.5p above. 
Then by the classical theorem of Lelong ((Lj p. 26, Theorem 5]) it is easy to verify that ho is an AZD on 
L (cf. [D-P-Sl Theorem 1.5]). By the definition, ho is of minimal singularities in the following sense. 
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Definition 5.2 Let L be a pseudoeffective line bundle on a smooth projective variety X . An AZD h on 
L is said to be a singular hemitian metric with minimal singularities or an AZD with minimal 
singularities, if for any singular hermitian metric h' on L with semipositive curvature current, there 
exists a positive constant C such that 

h^C-ti 

holds on X . In particular for any AZD h' on L the above inequality holds for some positive constant C . 
□ 

We note that any AZD's with minimal singularities are quasi-isometric, i.e., any two AZD's with minimal 
singularities hi, hi on a common line bundle L, there exists a positive constant C > 1 such that 

C" 1 • h 2 ^ hi ^ C ■ h 2 

holds. In particular for any AZD with minimal singularities h on a line bundle L, the multiplier ideal 
I(h m ) is uniquely determined for every m. And the above construction of an AZD is very easy. In the 
above sense, the AZD with minimal singularities is very canonical. 

But in general, an AZD is not with minimal singularities as follows. 

Example 5.3 Let X be a smooth projective variety and let D be a divisor with simple normal crossings 
on X . Suppose that Kx + D is ample. Then there exists a complete Kdhler- Einstein form uje on X\D 
with — Ric W£ , = uje and uje extends to a closed positive current on X with vanishing Lelong numbers 
and [loe] = 2ttci(Kx + D) (\Kdj ). The metric h := (u> E ) {n = dim A) is a singular hermitian metric 
on Kx +D with strictly positive curvature on X. Let D = Y). Dj be the irreducible decomposition of D 
and let Oi be a nontrivial global section of Ox(Di) with divisor Di. h is an AZD on Kx + D, but h has 
logarithmic singularities along D, i.e., there exists a C°° -hermitian metric on ho on Kx + D such that 

h = h -\{\\og\\ o-i HI 2 , 

i 

where | o~i || denotes the hermitian norm of o~i with respect to a C°° -hermitian metric on Ox{Di) 
respectively. Hence h blows up along D. In particular h is not of minimal singularities.^ 

As above, even in the case of ample line bundles, some natural AZD's are not of minimal singularities. 
Indeed the notion of AZD's is much broader than the notion of singular hermitian metrics with minimal 
singularities. Much more general singular Kahler-Einstein metrics on LC pairs of log general type was 
considered in |T8] . More precisely in the paper, we have considered singular Kahler-Einstein metrics on 
LC pairs (A, D) of log general type such that the inverse of the Kahler-Einstein volume form is an AZD 
on Kx + D. In that case the AZD is not necessarily of minimal singularities as is seen in the above 
examples. 

And also it is not clear whether the canonical AZD h can defined in Section ll.il has minimal singu- 
larities. 

The above examples indicate us that we had better not to restrict ourselves to consider AZD's with 
minimal singularities to consider broader canonical singular hermitian metrics. 

5.3 An alternative proof of Theorem 14.31 

In this subsection, we shall give an alternative proof of Theorem 14.31 by using the argument in jE-P] . 
Here we assume the results in Sections 14.41 and 14.51 The reason why we present an alternative proof 
is that although the proof itself is far more complicated than the one in Section 14.61 it may indicate 
the way how to handle the extension without assuming the bigness. Hence it may have an independent 
interest. 

The strategy of the proof is as follows. We follows the argument in |E-P] when the fibers over 5° is 
of log general type. The key point of the proof is we subdivide the extension into several steps by using 
the logarithmic vanishing theorem as |E-P[ Theorems 2.9, 3.2] for the extension of holomorphic sections 
similar to [E-Pl Propositions 4.1 and 4,2]. But the theorem requires the bigness of the line bundle on 
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every component of the log canonical centers. In our case this condition need not be satisfied. Hence 
we perturb the log canonical bundle by adding ample Q-line bundles as in Section 1431 We note that 
this condition is stated in [E-P] by the language of augumented base locus B + (cf. |E-Pj V Then as 
in Section 14.51 we take the limit. Since we have already known how to transform the inclusion of the 
multiplier ideals into the estimate of the canonical singular hermitian metric as Lemmas 14.81 and 14.91 
this part is essentially nothing new. Hence the proof here is just a combination of the perturbation and 
the argument in [E-P] using the estimate of canonical singular hermitian metrics in Sections 14.41 and 14.51 
Since we follow the argument in [E-Pj . we do not repeat the proof, when we just borrow the argument 
in [EE]. 

Let us assume that D is Q- linearly equivalent to a Q-line bundle B. As for the proof of the assertion 
(1) of Theorem l4.3l nothing changes and it follows from Theorem 13. II Hence we only need to verify the 
assertions (2) and (3) of Theorem 14.31 For simplicity we shall consider the case: dim 5* = 1. To prove 
the assertion (3), we may and do assume that S — S° = A hold. 

Lemma 5.4 For every s £ S°, there exists a positive constant C+ depending on s such that 

hcan\X s — C_[_ • h can s 

holds on X s . rj 

Proof. Let U be an open neighborhood of s in S° which is biholomorphic to the unit open polydisk 
A k (k = dim S) as above. We shall identify Kx/slf^iU) with K x by 

(5.1) ®f*dt:K x/s ^K x , 

where t is the standard coordinate on A. Let A be an ample Q-line bundle on X. By [B-C-H-M the 
relative log canonical ring ®^ =0 f*Os{\jn{K X / S + A + D)\) is locally finitely generated. Let q be a 
positive integer such that q(K x ig + A + D) is integral. In this case the relative log canonical ring is big 
at s, i.e., the image of 

(5.2) ®^ f*O x (mq(K x/s +A + D)) s ^®^ =0 H°(X s ,O Xa {mq(K Xs +A s + D s ))) 

is a subring of maximal growth. Let fi s : Y s — > X s be a modification such that Zariski decomposition of 
the image of (|5.2I) : 

(5.3) fi* s {K Xs +A s +B s ) = P s + N s (P S ,N S g Div(y s )®Q) 

exists as (|4.22[) , i.e., P s is nef, N s is effective and H°(Y S , OY B ([mqP s \)) is isomorphic to the image of 
f*O x {mq{K X / S + D)) s — > H (X s ,O Xs (mq(K Xs + B s ))). In this case P s is semiample by the finite 
generation of the relative log canonical ring. Since P s is semiample, and (X S ,D S ) is KLT, again by 
[B-C-H-M] . there exists a Zariski decomposition 

(5.4) fj,*{K Xs +A + B s ) = Q s + E s (Q S ,E S g Div(F s ) ® Q) 

of (i*(K Xs + B s ) such that Q s is semiample. Hereafter for simplicity, we shall assume that D re d + X s is 
a simple normal crossing divisor. The general case is handled by taking a log resolution of (X, D + X s ) 
as in [E-P[ Proposition 5.4]. We shall review the notion of adjoint ideals in |E-Pj . 

Definition 5.5 (Adjoint ideals flE-Pf )) Let T be a reduced simple normal crossing divisor on X and 
a C O x an ideal sheaf such that no log-canonical center ofT is contained in Z(a). Let f :Y — > X be a 
common log-resolution for the pair (X,T) and the ideal a, ad write a ■ Oy = Oy{—E). We set 

(5.5) Adj r (X,o A ) := UO Y {K Y/x - f*T+ ]T D L - [XE\), 

ld(r,£)j)=o 

where the sum appearing in the expression is taken over all divisors on Y having log- discrepancy with 
respect to T, i.e., among those appearing in T' in the expression Ky + T' = f*(K x + T). We note that 

Adj r (A, a A ) cI(X, a A ). 
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For a graded system a* = {a m } of ideal sheaves, we set 

Adj r (A,a^) :=Adj r (X,aV m ) 
for m sufficiently divisible. For a ^-effective line bundle L, we set 

Adj r (X,|| L ||) :=Adj r (X,K), 

where b* denotes the graded system of the base ideal of L. We call Adj r (A, || L ||) the asymptotic adjoint 
ideal of L with respect to T. These definitions can be generalized to the case of a pair (A, A) of X and an 
effective Q-divisor A provided B(L) U Supp A does not contain any LC center ofT, where B(X) denotes 
the stable base locus of L. [— j 

Let us interpret Definition 15.51 in terms of singular hermitian metrics. To do this we introduce the 
following notion. 

Definition 5.6 Let (L, hi) be a singular hermitian line bundle on a complex manifold W . We say that 
hi, is of algebraic singularities, if hi, is written locally as 




where /i, • • ■ , /at are local holomorphic functions, ho is a local C°° -hermitian metric on L and a is a 
positive number, rj 

Let (L, hi,) be a singular hermitian line bundle of algebraic singularities. Then there exists a modification 
: V -> W such that 

(1) The exceptional divisor of [i is a simple normal crossing divisor, 

(2) There exists an effective R-divisor E on V such that Supp E is a simple normal crossing divisor 
on V and T(h T £) — fi^OviKv/w ~ [rnE\) holds for every positive integer m. 

Let F be a reduced simple normal crossing divisor on W. By using this divisor E, we can define the 
adjoint ideal Adj r (M^; hi) as (|5.5[) . if the singular set Sing/i^ of hi, does not contain any components 
of r. This notion is used to rewrite the argument in |E-P) in terms of singular hermitian metrics and 
to avoid the use of asymptotic multiplier ideals in |E-P] . For a pseudoeffective singular hermitian line 
bundle (L, hi,) on a smooth projective variety W, we say that (L, hi,) is big, if limsup,^^^ m - dlv[lW . 
h°(W, Ow(mL)®X(h™)) is positive. The following proposition follows from the same argument as in the 
proof of [E-Pl Theorems 2.9 and 3.2]. This is nothing but the singular hermitian version of Norimatsu's 
vanishing theorem ( [No] ) . 

Proposition 5.7 Let X be a smooth projective variety and let T be a reduced simple normal crossing 
divisor on X. Let {L,hif) be a singular hermitian line bundle on X such that 

(1) hi is of algebraic singularities, 

(2) is big and the restriction (L,hi)\Tj to every irrducible component Tj ofT is well defined 
and big. 

Then 

Hi{X,Ox{K x +L + T)®k&i T {X,h L ))=0 

holds for every q ^ 1. rj 

The following extension theorem is similar to jE-Pl Proposition 4.2]. The proof follows from Proposition 
1571 
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Proposition 5.8 Let X be a smooth projective variety and S C X be a smooth divisor. Let T be 
an effective integral divisor on X such that S + T is a reduced simple normal crossing divisor. Let 
r = y^r?- be the irreducible decomposition. Let [L,}il) be a big pseudoeffetive line bundle on X with 
algebraic singularities, such that no log-canonical center of (X, S + T) is contained in Sing U Supp(A) 
and (L, hL,)\Fj is big for every j. If A is an integral nef divisor on X , then the sections in 

H°(S, O s (K s + A s + T s + L S ) ® Adj Fs (S, h L \S))) 

are in the image of the restriction: 

H°(X, Ox(K x +S + A + T + L)) -> H°(S, O s (K s + A S + T S + L s )). 

□ 

First we shall assume that Q s is big. We shall replace D s by 
(5.6) (D s - fi St *E s )^ 

where for a Weil divisor F = ^ aiFi, F> := max(ai, 0)F{, /i s :Y S — > X s be the morphism as in (|5.4I) 
and E a is the effective Q-divisor in (|5.4[) . And we shall change the coefficients of D so that D\X S = D s 
holds. 

Let A be an ample Q-divisor on X. Let k be a sufficiently divisible positive integer such that kD 
and kA are integral divisors. Now we proceed as |E-Pj . First we shall decompose kD as 



(5.7) kD = A 1 + ---+A 



A— 1 



such that each Aj is a reduced simple normal crossing divisor. This is possible, since (X, D) is KLT and 
Supp D is a simple normal crossing divisor. We set 

(5.8) M — kKx + kA + Ai + '-' + Ak-x. 

Let H be a sufficiently ample line bundle on X which such that for any pseudoeffective singular hermitian 

line bunlde {L,h L ) on X s , Xs {H + L + (£ + l)K x + kA + A 1 -\ h At)®l{h L ) is globally generated 

for every ^ I ^ k — 1. For ^ £ ^ k — 1, we extend every element of 

(5.9) H°(X s ,Ox B (H + raM + {£ + l)(K x + X s ) + kA + A 1 + ■ ■ ■ + A e ) <E> l(h h Q m )) 
to an element of 

(5.10) H°(X, O x (H + mM + (£ + 1)K X + kA + A a + • • • + A*)) 

by induction on m and t. The assertion is trivial when m = £ = 0. Suppose that we have already 
costructed the extension for some m and £ — 1. Then we take a basis of {a^\ ■ ■ ■ , c| r ^ m of 

(5.11) H°(X Sl O Xs (H + mM + £{K X + X s ) + kA + Ai + • • • + A e ) ® l(h h Q m )) 
and extend the basis to a set of sections • • • , cr^jL m in 

(5.12) O x (ff + mM + « x + kA + Ai + • • • + A £ )) 



by Proposition 15.81 We define the singular hermitian metric h m i on mM + H + IK X + Ai + • • • + A^ 

by 

(5.13) hm,t ■= 



sr^N(m,£) |~(m)i 



which is apparently of algebraic singularities and with semipositive curvature. As in the proof of [E-P , 
Proposition 5.4], by the induction on £, if we take H to be sufficiently ample, by the induction on £, we 
see that 

(5.14) I{N%) C Adj A ^(X s ; h m , t \X s ) 
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holds for every ^ t ^ k — 1. We note that Adj Af (X s ; h m /\X s ) is well defined, since by the choice 
of H, Ox 3 ((H + mM + (£ + 1)K X + kA + Ai + • • ■ + A e )\X s ) ® Z(/j^ m ) is globally generated and the 

adjustment (JSTSJ implies Bs\((H + mM+(£+l)K x + kA + Ai-\ h A^)|X s )(K)X(/iQ m )| does not contain 

any irreducible component of F. Moreover \((H + mM +(£+ 1)K X + kA + Ai H h &i)\X a ) (g)I(/i^ m ) | 

defines a birational map from each component of T into a projective space by the effect of the ample line 
bundles H and A^. Hence we may apply Proposition 15.81 This completes the inductive construction of 
the metrics {hm,lsiZn- Then we set h m +i,o — hm,k-i an d continue the induction. This completes the 
construction of the metrics {h m ,i\ m .i>o- 

Let Ka be a C°°-hermitian metric on A with strictly positive curvature. Let h ca ,n,D(A, Ha) (resp. 
h C an,D,s((A,h,A)\X s )) be the supercanonical AZD on K x /s + A + D (resp. K Xg + A s + D s ) with respect 
to Ha similar to Theorem 13.91 in Section |3"1)1 

Hence by the similar argument as in the proof of Lemma |4~81 in Section WM using Holder's inequality, 
the existence of the sequece of metrics {h m ^} m i> implies that 

(5.15) (A,h A )\X s = 0(h can ,DA A ,h A )\X s ) 

holds. Replacing (A, Ha) by (eA,h e A )(e £ Q + ) and letting e tend to 0, by the argument in Section 
we completes the proof of Lemma 15.41 rj 

The rest of the proof is similar as the one of Theorme 11.121 This completes the proof of Theorem 14.31 
□ 

References 

[B-C-H-M] C. Birkar-P. Cascini-C. Hacon-J. McKernan: Existence of minimal models for varieties of log general 
type, |arXiv:math/0610203| (2006) . 

[B-T] E. Bedford and B.A. Taylor : A new capacity of plurisubharmonic functions, Acta Math. 149 (1982), 
1-40. 

[Ber] B. Berndtsson: Curvature of vector bundles associated to holomorphic fibrations, Ann. of Math. 169 (2009) , 
no.2, 531-560. 

[B-P] B. Berndtsson and M. Paun : Bergman kernels and the pseudoeffectivity of relative canonical bundles, 
Duke Math. J. 145(2008), 341-378. 

[C] B. Claudon : Invariance for multiple of the twisted canonical bundles, Annales de l'lnstitute Fourier 57 
(2007), 289-300. 

[D] J. P. Demailly : Regularization of closed positive currents and intersection theory. J. Algebraic Geom. 1 
(1992), no. 3, 361-409. 

[D-P-S] J. P. Demailly-T. Peternell-M. Schneider : Pseudo-effective line bundles on compact Kahler manifolds, 
International Jour, of Math. 12 (2001), 689-742. 

[E-P] L. Ein and M. Popa: Extension of sections via adjoint ideals, arXiv:0811.4290 (2008). 

[F-M] O. Fujino and S. Mori: Canonical bundle formula, J. Diff. Geom. 56 (2000), 167-188. 

[F] T. Fujita : On Kahler fiber spaces over curves, J. Math. Soc. Japan 30, 779-794 (1978). 

[H] R. Harvey: Removable singularities for positive currents, Amer. J. of Math. 96, (1974), 67-78. 

[Hiro] H. Hironaka, Flattenning theorem in complex-analytic geometry, Amer. J. Math. 97 (1975), 503-547. 

[H-P] R. Harvey and J. Polking: Extending analytic objects, Comm. Pure Appl. Math. 28, (1975), 701-727. 

[Kal] Y. Kawamata: Kodaira dimension of Algebraic fiber spaces over curves, Invent. Math. 66 (1982), pp. 
57-71. 

[Ka3] Y. Kawamata: On effective nonvanishing and base point freeness, Kodaira's issue, Asian J. Math. 4, 
(2000), 173-181. 

6 We note that in E-P , to carry out the similar argument, they have assumed that the restricted base locus B_(M) does 
not contain any closed subset W with minimal log discrepancy (cf. Definition ^. Il l at its generic point mld(^tvv; X, Xs+D) < 
1, which intersects X s but is different from X s itself, because they have used the asymptotic adjointideals. 



48 



[Ko] R. Kobayashi: : Existence of Kahler-Einstein metrics on an open algebraic manifold, Osaka J. of Math. 
21 (1984), 399-418. 

[Kr] S. Krantz : Function theory of several complex variables, John Wiley and Sons (1982). 

[L] P. Lelong : Fonctions Plurisousharmoniques et Formes Differentielles Positives, Gordon and Breach (1968). 

[N] A.M. Nadel: Multiplier ideal sheaves and existence of Kahler-Einstein metrics of positive scalar curvature, 
Ann. of Math. 132 (1990), 549-596. 

[No] Y. Norimatsu: Kodaira vanishing theorem and Chern classes for 9-manifolds, Proc. Japan Acad. Ser. A 
Math. Sci. 54 (1978), no.4, 107-108. 

[O-T] T. Ohsawa and K. Takegoshi: L 2 -extension of holomorphic functions, Math. Z. 195 (1987), 197-204. 

[O] T. Ohsawa: On the extension of L 2 holomorphic functions V, effects of generalization, Nagoya Math. J. 
161 (2001) 1-21, Erratum : Nagoya Math. J. 163 (2001). 

[Sch] W. Schmid : Variation of Hodge structure: the singularities of the period mapping. Invent, math. 22, 
211-319 (1973). 

[SI] Y.-T. Siu : Invariance of plurigenera, Invent. Math. 134 (1998), 661-673. 

[S2] Y.-T. Siu : Extension of twisted pluricanonical sections with plurisubharmonic weight and invariance of 
semipositively twisted plurigenera for manifolds not necessarily of general type, Collected papers Dedicated 
to Professor Hans Grauert (2002), pp. 223-277. 

[Tl] H. Tsuji: Analytic Zariski decomposition, Proc. of Japan Acad. 61(1992) 161-163. 

[T2] H. Tsuji: Existence and Applications of Analytic Zariski Decompositions, Trends in Math. Analysis and 
Geometry in Several Complex Variables, (1999) 253-272. 

[T3] H. Tsuji: Dynamical construction of Kahler-Einstein metrics, Nagoya Math. J. 199 (2010) 107-122. 

[T4] H. Tsuji: Canonical volume forms on compact Kahler manifolds, arXiv:0707.0111 (2007). 

[T5] H. Tsuji: Curvature semipositivity of relative pluricanonical systems, |math. A G / 0703729 (2007). 

[T6] H. Tsuji: Canonical singular hermitian metrics on relative canonical bundles, arXiv. 0704. 0566 (2007). 

[T7] H. Tsuji: Canonical measures and dynamical systems of Bergman kernels, arXjv. 0805. 1829 (2008). 

[T8] H. Tsuji: Ricci iterations and canonical Kahler-Einstein metrics on log canonical pairs, arXiv:0903.5445 
(2009). 

[T9] H. Tsuji: Global generation of the direct images of pluri log canonical bundles, preprint (2010). 
[T10] H. Tsuji: Numerical abundance of canonical divisors, in preparation. 

[Va] D. Varolin : A Takayama type extension theorem, Compositio Math. 144, no. 2 (2008), 522-540. 

[VI] E. Viehweg: Weak positivity and the additivity of the Kodaira dimension for certain fibre spaces. In: 
Algebraic Varieties and Analytic Varieties, Advanced Studies in Pure Math. 1(1983), 329-353. II. The local 
Torelli map. In: Classification of Algebraic and Analytic Manifolds, Progress in Math. 39(1983), 567-589. 

[V2] E. Viehweg: Quasi-projective Moduli for Polarized Manifolds, Ergebnisse der Mathematik und ihrer Gren- 
zgebiete 3. Folge. Band 30 (1995). 

Author's address 
Hajime Tsuji 

Department of Mathematics 

Sophia University 

7-1 Kioicho, Chiyoda-ku 102-8554 

Japan 

h-tsuji@h03.itscom.net 



49 



